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U ovcg disertacigi "bice ispitan i priniergen novi bozonski

formalizam za analizu nelinearnih efekata u kristalima, poznat

pod inienom egzaktna bozonska reprezentacija spinskih operatora,

^lavni cilj teze je da se ova reprezentacija testira na proble-

mina kvantne teorije magnetizma* U torn cilju izabrana su neka

pitanja kao reprezenti tri grupe problenia. Prva uklgucuje pro-

bleme koji su ranije uspesno razmatrani poniocu drugih formali-

zama / takav je problem niskotemperaturske analize Heisenberg

-ovog feromagneta sa spinom 1/2 /,ili probleme koji su analizi-

rani nedovoljno korektno / kao npr, problem vezanih stanja u

Heisenberg-ovoin feromagnetu/c Posto je ove probleme uglavnom

moguce egzaktno resiti, .oelira da ispitan da li-'.se pornocu,-novog

foriaalizma dobijaju poznati rezultati, i ujedno utvrdim, porede-

njem sa ranijim prilazima^njegove metodoloske prednosti I nedo-

statke.

Druga grupa obuhvata probleme na kojima se radi u svetu i

ko<ji su zato aktuelni /kao sto je problem Bose kondenzacije u

Heisenberg-ovom feromagnetu sa spinon 1/2 /« Konacnu rec o

rezultatima i vrednosti novog metoda dace u ovom slucaju,kao i

u nekim drugim problemima koji su razmatrani u grupi dr, B.To-

sica u kojoj radim., sam ek.sperime.nt.

Treca grupa obuhvata matematicke probleme u vezi sa egzakt-

rtom bozonskom reprezentacijom spinskih. oper.a.tora,U disertaciji

ce biti razmotren problem hermiticiteta Pauli-Hamiltonijana u

egzaktnog bozonskoj reprezentaciji.
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Teza je podeljena na tri glave,

U prvcg glavi razmatraju se dinamicke karakteristike Heisen-

berg-.ovog feromagneta sa spinom 3= 1/20 na niskim temperatura-

na00vo ukljucuje izracunavanje spektra elementarnih eksitacija

kao i teoriju Bose kondenzacije u feroinagnetu,

U drugoj glavi tretira se problen vezanih stanja u Heisenberg

-ovoni feromagnetu,a u treccg se egzaitno dokazuje da su Pauli

Hamiltonijani u egzaktnoj "bo.zonskoj slici hermitski.

Na kraju teze dat je zakljucak ko^i sumira glavne rezultate

i procenjuje vrednost razvigenih metoda.



Glava prva

Dinemicke karekteristike Heisenberg-ovog feromagneta sa spinom

S=p~ na niskim tempera turama,,

A, Razlozi, ciljevi i metodi

Teorijski opis feromagnetnih osobina materije je jedan od onih

problema koji vec skoro dve veka kontinuirano zaokupljaju paz-

ng'u fizicara,, Ni kva.ntna fizika zato nije mogla da mimoide ovaj

problem, Njen najprostiji model za opisivanje f eromagnetizma jes-

te Heisenberg-ov izotropni model u kome se polazi od idej'e izmen_e

kao fundementalne osobine onih interakcija u kristalu koge defi-

nisu njegova energijska

Hamiltonijan ovog modela sadrzi spinske operatore atoma koji,

inedutim, nemaju ni bozonske, ni fermionske komuta.cione relacije,

pa se kao prvi problem pri izracunavanju termodinamickih. velici-

ne pojavljuje problem izbora statistike= Pored toga u kvantno -

mehanickim izracunavanjima veoma cesto je potrebno preci iz pros-

tora direktne u prostor reciprocne resetke, a komutacione relaci-

je za spinske operatore nisu invarijante u odnosu na odgovara jucu

Pourier-ovu transformaciju, sto moze da prouzrokuje gresku koju

je nernoguce kontrolisati= Zato je neophodno da se spinski opera-

tori izraze preko operators koji se transformisu kanonicki i imag'u

odredenu statistiku i u impulsnom prostoru,, Kao sto je poznato to

su Bose i Ferni operatorio

,
Eesenje problema inicirano je pionirskim radom Bloch-a. Oi; On ge

pokazao da elementarne ekscitacije u odnosu na osnovno stanje Hei-

senberg-ovog feromagneta /u kojem su spinovi svih atoma "gore!:/
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jesu stanga sa po jednim spinom suprothe orioentacije I da su
-*

ovakva stanga funkcije talasnog vektora k „ Predpostavlja-

Juci da spinski r-",n-/l ke.ko je nazvao ove elementarne ekscita-

cije, formiraju gas neinteragujucih Bose cestica energise sraz-
t-}

merne sa k za malo k=!k"| , Bloch je zakljucio da magneti-

V?zacija opada sa temperaturom po zakonUo Medutim sa po-

rastom temperature povecava se "broj ekscitiranih spinskih. talasa,

a, time i verovatnoca za interakciju spinskih talasa. Matematicki,

Bloch je spinske operatore predstavio preko bozonskih pomocu

linearne, harmoniske aproksimacije, te se zato efekti interak-

cije elementarnih ekscitacija oznacavaju kao nelinearni ili an-

harmonij ski=.

Prvi pokusaj analize nelinearnih efekata ucingen je od strane

2NHolstein~a u Primakoff-a /H-F/ koji su spinske operatore pred-

stavili pomocu bozonskih i analizirali ekvivalentni bozonski sis-

tern, Ako se u spinskom Hamilton!janu samo clanovi drugog reda po

operatorima kreacije S' odnosno anihilacije S~ spinskog talasa

izraze pomocu E-P formula, tada se pored kvadratnih clanova po

Bose operatorima dobijaju i clanovi viseg reda» Ovi su clanovi

posledica razlike u komutacionim relacijama za spinske i bozonske

operatore /razlike u kinematic! spinskihiBose-operatora/ te se

odgovarajuci deo Hamiltonijana naziva. kinematickim,, Slicno,, bo-

zonske clanove istog reda /viseg od drugog/ kao spinski od kojih

nastaju u Bloch-ovog oproklimaciji, nazivamo dinamickim, a dodatne

bozonske clanove jos viseg reda dinamicko-kinematicnimo

Istrazivanje nelinearnih efekata koji su posebno vazni u okolini

temperature prelaza, zahteva poznavange tacnih izraza. za Hemilto-

nijane kinematicke i dinamicko-kinematicke interakcijeo H--P rep-
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rezentaeija, medutim, moze da se koristi jedino na dovoljno

miskiin temperaturama, tj» za niske koncentracije elementarnih

ekscitacija kada su nelinearni efekti zanemarljivi= Ovo je

posledica cinjenice da su spinske komutacione relacige u ovog

reprezentaciji zadovoljene samo u onom delu Hilbert-ovog pro-

stora koji se sastoji od bozonskib, vektora stanja ciji /bozon-

ski/ populacioni broj N ne prelazi 2 S/S efektivni spin ato-

ma/o Greska pri koriscenju N-P reprezentacije dolazi bas od

doprinosa takozvanih "nefizickih" stanja sa N>2Skoji su tim

veci sto Je temperatura prelaza veca.

Problem korektnog opisa y iharmonigskib. efekata je dalje resa-

van od strane niza aiitora koji su na razlicite nacine dobi-
-z\i razlicite popravke za magnetizaciju ali je fundamen-

talnu teoriju razvio tek Dyson

Pomocu dosta glC'"aznog matematickog aparata on je uspeo da po-

kaze da su doprinosi koji termodinamickim velicinama dolaze

od kinematicke interakcije /a odgovaraju procesima rasejanja

spinskiti talasa, gednog na drugom/ reda G ' ̂  /gde ge

Tt - temperatura prelaza, a - konstanta reda jedinice^

T - temperatura feromagneta/, dok je za popravku najnizeg

reda koju daje dinamicka interakcija dobio T = Kako je Dyson-
"

ova procedura korektna moze se reci da ge njegova reprezenta-

cija, mada nehermitska, efektivno dobra^ o'er bi clanovi^ koji

bi ge dopunili tako da postane herontska dali popravke koj'e od-

govaraju procesima sudara tri elementarne ekscitaclje na Jed-

nom cvoru0
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Dyson-ovi clanci nisu, medutim, oznacili i kraj reda na ovom

problems Buduci da je njegovo resenje korektno, napori su

koncentrisani na pokusaje da se Dyson-ovi rezultati dobija-

<ju neposredno sa spinskim operatoriina, sto je uspelo, all

samo ra spin S > ~ , Tahir Kheli-^ i der-Haar-u •*' „

S jedne s.trane, postoje radovi ' u kojima se dobija pozitiv-
?•

7.
na korekcija reda Ty u izrazu za magnetizaciju, dok je u dru-

75gima metodom spinskitt Green-ovih funkcija dobijen Dyson-ov

rezultat all bez ubedljivog dokaza da je dekuplovanje sis-

tema Green-ovih funkcija, na osnovu kojeg Je rezultat dobi-

G'en, zaist-a korektno „

Iz ovih razloga mi smo postavili za zadatak da pokazemo da se

Dyson-ovi rezultati za zakon disperzije i magnetizaciju Hei-
\g feromagneta sa spisnom S=^ dobijaju automatski,

Ci

bez dodatnih dokaza koo'i zahtevsc'u glomazni matematicki aparat

/ka-o kod Dysona/, ako se koristi egza"1;na "bozonska reprezentaci-
0\ a Agranovica i Tosica „ Pored cisto metodolosklh prednosti

cele procedure koje se ocituju u sazetosti i elegenciji kao i

mogucnosti da lako k-ontrolise tacnost epraksimacija , novi me-

tod ima za posledicu drugaeiju fizicku sliku procesa u fero-

magnetu kao sto ce biti izlozeno u odeljku B ove glave,,

Drugi problem koji je u ovoj tezi razmotren jeste problem Eose

kondenzacije u Heisenberg-o^cm feromagnetu sa -̂:inon S= 4

Ovaj problem predstavlja prirodnu ekstenziju problems neli-

nearnih efekata u feromagnetu i to u jednom specijalnom slucaju

tj o kada je feromagnet pod takvim usloviina da j e Bose kondenza-

cija verovatna=
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Cilj o'e da se i na ovom problemu testipa egzgktna bozonska

reprezentacija Agranovica i Tosica, tjo da se pomocu nje

ispitaju termodinamicke karakteristike feromagneta u uslc-

viiaa Bose kondenzije =

Zbog toga je neophodno da se prvo proanaliziraju moguci pro-

cesi na o - potencijalu kako za feromagnet u jakom tako i za

feromagnet u slabom magnetnom polgu, a zatim detal^no istra-

zi spektar elementarnih ekscitacija feromagneta i to u oba

slue a P.

U oba rada pri] ̂ .zena u ovoj glavi koriscena je tehnika Creen-

ovih funkcija, u piTc.m standardna tehnika, a u drugom tehnika

koju je za sisteme za kondenzatom razredio Belgajev.9)

•
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Bo Rezultftii

U prvoia radu ( ' , prilozenom u ovoj glavi razvijen ge jedan

novi inetod niskotemperaturske analize termodinamickih karak-

teristika feromagneta sa spinom S= ~ koja se sastoji u
v

sledecem:

1= Heisenberg-ove gednacine kretanja koje definisu
, t . - *,

funkciju sistema "%- S»O;t^^M / ̂  postavljene

su odmah u impulsnom prostoru buduci da je energija elemen-

tarnih. ekscitacija odredena polom GT^en-ove funkcije

t*~ ' — t ' * •*:•" s>
*-*]£ *"./ ' ̂  '^^> \-~:V ̂  koja predstavlja energij-

sko - vremenski FourisT -ov transform prve funkcige.

20 Posto se epinski operator! no transformisu kanonicki pri

prelazu iz prostora direktne u prostor reciprocne resetke, sto

implicira opasnost un.o8en.Ja gresaka ^koje je nemoguce kontro-

lisati ] u sve fizicke rezultate, spinski operator! su predstav-

Ijeni pomocu egzaktne bozonske reprezentacije spinskih. operato-

ra pa je dalja analiza vrsena pomocu Bose operators,, Treba jos

napomenuti je primenjena procedure dekuplovanja Green-ovih

funkcija sistema mnogo opstija od uobicajene,,

Dobijeni spektar elementarnih ekscitacija^0^/ formula/ 2o24//:

I" - A - 4r

gde je:

A. I/

i
M - magnetni moment atoma

- spoljasnje magnetno polje

-Gi ; - ~ integral izmene
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£a
vcT

/l.V

A.5/

K

K - talasni vektor

. - lo)i magnetizacija Haisenberg-ovog fe-

romagneta sa spinom S= — /formula /3«5//

'Vj = I

u potpunosti se poklapaju sa poznatim Dyson-ovim rezultatima '..

Na ovaj nacin razvijena je metoda koja, za razliku od Dyson-

ove , nema potrebe za "komplikovanom matematickom masinerigom"

neophodnom da se dokaze da procesi sudara dveju ekscitacija na

jednom cvoru daju eksponcijalno male, doprinose svim termodi-

namickim velicinama, jer nova metoda, buduci da ovo irikorpori-

ra, automatski vodi korektnim rezultatima. Kako je ceo postupak,

kog'i ne trazi nikakve dodatne dokaze, mnogo "cistiji", gednostav-
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nigi i konsistentiji, cinjenicu da su dobijeni Dyson-ovi re-

zultati smatraino kao veoma znacajnu za ispravnost samog metoda.

4-0 Medutim, novi me tod, razvijen u radu ( , implicira, kako je

to utvrdeno, sasviin novi opis fizickih procesa u feromagnetu:

Elementarne, ekscitacije u idealnom feromagnetu dobro su opisa-

ne pomocu bozonskih kvazicestica koje medutim, za razliku od

predasnjih priloza, interaguju tako da je njihov populacioni

/formula /2.2 8 //

X-
,/I.Q/

veci nego kod sistema neinteragujucih bozor]Q /1.5/ Izmena sta-

tistike bozonskin kvazicestica usled njihovih interakcija pos-

ledica je, u krajnjoj liniji, razvijenog metoda cija je bitna

tacka koriscenje egzaktne bozonske reprezentacijeo Obzirom na

to da je egzaktna bozonska reprezentacija dala dobre rezultate
-I -1 ̂  T O \ nelinearnpg optici , teoriji supraprovodljivosti '' , i

oniogucila generalizaciju Bogoljubovljevog metoda priblizne dru-
n x ̂ . *

ge kvantizacije -"-" kaô cla daje korektne rezultate u feromagne-

tiziau ' ' i feroelektricitetu ^ nas je zakljucak da moraino

imati poverenja u sve sto ova reprezentacija, u okvirima korektno

razvijenog i primenjenog metoda, implicira, bar sve datle dok ona
•

ili njene posledice ne budu osporeiie eksperimentom =

Prednost razvijenog metoda, pored matematicke jednostavnosti i

fizicke konsistentnosti, predstavlja takode mogucnost da se pre-

cizno kontrolise tacnost koriscenih aproksimacijao Svi rezultati

tacni su do na clanove proporcionalne kvadratu koncentracije nein-
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teragugucih "bozona kao sto je to utvrdeno u samom clanku

Problem! koji su razmatrani u drugoin radii ' prilozenom u

ovoj glavi prirodno se nadovezuQ'u na dosadasnja razmatranja,

Eezime tih istrazivanja predstavlgagu sledeci zakljucci:

5o Posavsi od bozonskog ekvivalenta Pauli - Hamiltonijana

Heisenberg-ovog feromagneta izvrsena j e analiza mogucih pro-

cesa na o - potencigalu kako u slucaju kada se feromagnet na-

lazi u jakom spoljasnjem magnetnom polju tako i za slabo mag-

1?1
netno poljeo Primenom teorije rasejanja na ̂  -potencijalu

pokazano je da Bose kondenzacija kao statisticka fluktuacija
-5

trajanja reda t < 10 s /dok je vreme potrebno da se dostigne

ttrmodinainicka ravnoteza, usled procesa rasejanja kvazicestica,
-8 -lo

reda t ~ 10 -10 & / predstavlja u slucaju g'akih magnetnih
O

polja deminantan proces0 U slucaju slabih polja u feromagnetu

se, prema nasoj teoriji, odigravaju dva konkurentna procesa:

kondenzacija i slepljivanje dva bozona u novri kvazicesticu ko-

Ja ima dimenzije mnogo vece od dimenzije inicijalnih bozcE®

i koja je zato Iokalizovana0 Posledica ovog j.e da zakon disper-

zije koji odgovara ovim novim kvazicesticama ne zavisi od talas-

nog "broga VH I odnosno da Je populacioni broj a s njim i dop-

rinosi termodinanickim velicinama srazmerni sa exp ^-CPSS )„

Na ovaj nacin <je potvrden Dyson-ov rezultat da procesi raseja-

nja kvazicestica u Heisenberg-ovom feromagnetu u slabom mag-

netnom polju daju pri niskim tempera turama eksponencijalno male

doprinose-o

6« Analiza spektra elementarnih ekscitacija u feromagnetu izvrsen?
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ge pomocu telinike Grinovih funkcija koju je, za sisteiae sa

9 ^kondenzatom, razvio Beljajev' » Cela procedura je detalgno iz-
~ •' \a u radu' , a rezultati su sledeci: U slucaju jakog po-

Ija ako je intenzitet talasnog vektora JV^I nekondenzovanih bo-

zona mnogo man,]i od kvadratnog korena iz koncentracige kon-

denzovanih bozona 'vva , spektar linearno zavisi od)^|tg«, do-
le)

bijamo "akusticni" zakon disperzije /formula /3

N
c

o

N
/1.9/

1JO - broj bozona u kondenzatu

N - broj atoma u kristalu

Ovo se moglo i ocekivati ger kada je talasni broj mali, bas

kao kod zvucnih talasa, svi bozoni su prakticno u kondenzatUo

Ako je pak \- j A, \f\-\a se uobicajeni kvadratni za-

kon disperzije:

^ i\ti: /1.10/

Kao sto smo vec pomenuli, u slucaju slabog polja procesu konden-

zacij'e konkurisc proces vezivanja dva bozona na jednom cvoru u

novu kvazicesticUo Ovaj proces se odvija istom brzinom kao kon-

densacio'a pa forniranje kondenzazata nig'e vise tako sigurno kao

u slucaju jakih magnetnili polja, Ako se, iĵ k, predpostavi da se

kondenzat formira dobija se, uz odbacivanje svih grafova koji

odgovarraju pojavi dva bozona na jednom cvoru /jer oni daju ekspo-

nencijalno male doprinose termodinainickini velicinama/ interesan-

tan rezultat: spektar elementarnih ekscitacija i magnetizacija
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feromagneta poklapaju se sa dobro poznatiin Dyson-ovim formu-

laraa /I. I/ odnosno /!„?/» Prema tome, za slaba magnetna polja

osnovni rezuitati ne zavise od egzistencije kondenzata,

.
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1. IIT1EODUGTIC1I

The nnin problem, of the theoretical description of an ideal

ferronagnet is how to include correctly the effects of the inte-

raction "between the elementary excitations. 'As it wa-s mentioned in

[l] , the problcn -was considered by many authors obtaining diffe-

rent results in the various treatments. .In the papers [l,2] .tlie

fundamental theory was sot by Dyson,

The crucial point of Dyson*s theory, as it turned out, is the

proof that the processes in the forromagnet arising from the col-

lisions of two excitations at one lattice point /the scattering

o£ t¥Q opin waves | ore nt thr. otlier/ S-lvo the contributions pro-
f- ,*>, -ĵ  fM 41*1

portional to exp̂ —̂ ~̂ ~- ) to all thennoclynamical characteris-

tics of the ferromagnct. That is the reason why these processes

may be neglected at the low tcraperatures.

In this paper, hcwc?, it will be demonstrated how the Dyson's

results for the energy spoctrua and magnetization of an ideal fea?-

ronagnct v/ith spin S = TT ore obtainable in a straiglitforv/ard

way without the additional proofs demanding the complicated mathe-
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nstieal n-ichinery if one ur:cs tho oxsct "boson representation

ol tho cpin op-orators Iron [ 3]. £hc whole procedure is carried

out in o more consistent vray duo to tho fact that tho represen-

tation ['2\ the exact and the hormitic one. Besides, this is

the oi)7,y representation 'ennblins us to control eanily the esca-

ctnccc of tLe .approximation. J\ it will he seen in tho conelu-

nion of this pcpcr, if we consider only ti/o-particlo processes

in c ^yotcn the o"btaiiiod rcculto are oxtict up to 5D .

2. TIL': EEEHGT GJ»ECTEIJK OP ELSI1EH2/JT E3CCIIATIQHB HT J

mGIIBQ visi EriniCTit-E : SIOT s * i

The opin cr='irotor rcprc-mentation of s eicrple cubic crystal

'^n t" i M Xoj.lo'.;::.nG fore i^a th:; nonroKt-nciGlibourB appi-CvCinationj

M

T ~

the m:-rfoer of D tor is in tho crystal,

the r-i'. yjc/iie nonr^t of on atoiat

the cnctonial r.n^ictic field,

tho c":::.h'.ir,3e integral Xoi1 tho nearest

the Y':-v':or aoi:noctir:£ tho noaroDt noichbours end

^^^ tv^-i - tho cpin o-nerctors naticfyinc the corziuta-
<; ~^

tir?n relations:



i ^ , ;bV\~e,£
L Vy 'VV -*

r>v / N>

Silica tlic relations /2»2/ tlo not troncforn connonically under

the Ioi;-;;lc:r trcnaforration, we shall UEG tho exact boson r<

rcGorit.?:'':ion of the spin operators' from [ j"] :

1 v>*

In tlir; loi;-tor.:psrat-urc analysis of tho forromoenet v.'Mch has

to be recur air up bo the oraor el 2^ , it i£5 enough, OB we

s.:Ji£ill r.:r;ct to take I: : to accoxmt only the two-particle processes

la tlio /ouividciit bonort rr^Lten. Sioroforc, v;s nnj IIEC the appro-

g frpia /2*2/ t

Al'tcr tlr t-> I'oru:aer tr-'.-.nr.-fcr-nrjti cf ve get:

,
If ire ii-t:i-oCi'.cc /c.^/ intc /cl.l/ it followsj

t- .'"î  f> "*^ '̂

C.S.7)
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'^—^a in *&«
HamiltQBiaii /2«6/ KLocb*s dispersion low* Due "to

dif feiDest relations of spin l?0sdn ope-

we term of Interaction IL wMl

H '̂ corr@s|K>ads to the dynamieal intersctios*

In to find energy of elsmentary exoit*a-

tions is defined bj /2*6/ we shall

Greek's

1 of to "be as

pole of -Gyeen*s

Potarier of Green* &

^^Jll^C^^ - tbe fusietioii<^)^t)C^» of

t t; we tb@ tizae~energy lourier

Af B arbitraiy operators, H -

of wliile E represents its

€» aeeoiint of foissilse /2*5/-/2*12/ we obtaiu follo-

set of

.̂-vx,̂ ,,
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If v;c introduce /2.1?/-/2.2o/ into /2.1G/ it followst

fc —

wJicre

After a cimplb Coloulau

end. IrUJi-r ordcrr cf C

P '̂ ' \

.-^

u in v/hlcli we neglect tho ecuaro

» tlio equation /2.21/ rcclxices tot

\i

In Utc tonau- ecu ^-ut ^~$^ c-

of tls:- equation /'d.i't/ sir^co tlic oifrcronce "between
v^

.̂V vrould produce in uh<: corrola !;orc oX Green's functions
" ••-;

,c"l7 th--. tonaa proportiQ»01 to CJU-C already neglected.



holds in oil complex plnno. except in the vicinity of a

pole where tho Green's function has no nonce et all» 2?hus the

final c::pi'CGcion r;c c-t for Green's function let-

r~r V, \V ̂  O

£iio oners/ spectrum of oloncntary excitations is defined

a polo of tho boccn Grern»n function /2.2,5/j

end. time t/o corciv.do that tho elementary excitations with the

dicporcion Irn; /,'},::G/ nre "bcGoriy., Tho epoctrel inten-sity of V

r-nnrr/ in order to find the population number of "bosons t

v;Mch difffi; •

Uc fir: ; no

•i;cr..cl.'.:-'C

tho stnr^ard atatictical boson fonaulat

v-\;>a-o^ i1'* thin re-cult eiiico, ss it in well Icnown

T:,r:9/ ii vj.liO. orly ;'.n n cnno cf a cyBton of nonic-

i '.or.n.r.o, our conclusion ic -thct bocon nature of the



B

eloioGirt- TS-J ci-tcitr-lions ic fi^tablichccl by /2.25/» but their

interneticnc caur,o the stat5ntics defined "by /2.28/»

3. HIE IIAGECCIZATIGII OF 1 KHISEllBEEG HSBOH/iGIlET \O5ZS SPIN S* «
2

Duo to /2.4/ it rollout for the macnetisotion the formula:

<Vy <vv

By the vzc. of the Wick*o thc-orcno the last tena in /3*1/ can be

trr.ncroi^rd in tho follow;!r̂  -.;n;?

to* ^L^* to i - ̂  k
^v ^v ^ "-S ° \o I-:G anve

< O- V)/

Alter the avcro(;;iTic:'end tl"3 ncglcction of tho terms proix>rtiona]
•** -' " * .

to C-'' o .V) obtains;:

L-- tlic \iBual proct-rluro it

fir,>:;l ^ ::x:rc~sion for tho n

id nt5.cal i-o tho result o

from /2.2G/ end /3.V the

(V



As for the approximations ire UDCC! in tho calculations of

Section 2. arc J*, \;c can rrr.y thnt the terms proportional to

^C"- T;cr-c nagloctcd since thcr:-e would civo the corrections of tho
• ^t .

order C- vliat In evident Iron tho foimulai /2.28/ for

If wo i.u.'cl in tho E'TiIltonic33 the nixth-ordcr terms describing;

tno thr-oo-porMcle procGne.r.3 /i»c* tho teitas of the type B^^Bv

rectdtir-r: G-?em»s finicUon roula bo or tho type ^^VD I?D^>

i,c. tlio IcnClriG terra in it"- correlator would be proportional
?to C , litheBctical proof of this etotc?nent is elerientary

bul; rath'.:? t r . -

In co::>clr-:'io2 i;e -rphnr: ILO thn 'following*

a/ £'ho r, theC vre developed in this paper Buffers neither

Iron tiny icccr r..i i-tonc-io;; inherent to tho previous approaches nor

it ir, r.f:.thc.-.n.'i' :.'?.il7.y cĉ plic'ntor!.

b/ /-.G D :rlr,al ccr.:;e-quonce of this nbv? opproach the completely

iu.?; T'-yricnl picfciTro of the f.-lrr.c-ntnry excitations in the ferro-

H; iict ftrisoc GccerdiD:;; to ybicb the fiencntary csrcitctions reall;;
;

cxlotir^ in the ferrocognct ore bosons intcractinc between thea in|

r:-uoh e t-;y to iiacreasc tho ropulotion compared to the cyoten of

nosiiaitercctlag l.-ooono. This is-ciiite contrary to the opinions usu-

ally accepted tant tho jaccnor-s v?re not Bone particles but have the

ct.ntiatlec of • • cysten of ro;,ln--err c ting bosons,

Also in this paper the foil civile; nothodolocical innovations

sro introduced!

c/ 'Iho lev t(.^r:ci --;ture ^r>nlysis of tho fei-rormcnet was cariiei?

out 121 fceruc e£ the e:-: ict boson representation of spin operators.

{•?/ :..'c ct^.-^ted fror* the Jl-.n-ltoiiip.n nncl spin operators t/rittcn

j.r nor.cr.turi r : : ;cc arc] i"-'--c! " 'ho c^'courli' 'r procedure



- lo

cioro general tliob tl\ usuol one

c/ Ciie reeiilta of 3}yccn nrewnfTinaed but in the qualitati-

vely nou pictiiro c:rr^lclntd cbovo.

, .
v' ,

i. ij;*s». iv. lor?,

. lo.?

and B, C. To Hie: Sh. elisper, toop. Els.

/ 1,'j-rlirin tr^nolntion: GoW;t.KiyG««JISP 26,lo4 /19C8/ /

4« B«¥.(Iya'blilsoV! "Sic llothods of Qiiontun'theory in Kogno'

5, V.L.Bonoli-E: viovich c:.id. B.V.IyaMikov: "Grccn'c functions

Hctlioa In Gt-tirstical llcchanicn" GIIBL, Koecow, 1961

/ill Kii;:.ti



She onorcy cpcctrun end the ciapietiEntion of Hoisenberg

nferromagnet with epic £« ~=- are evaluated in termo.of the

-•-• -\ct ]>of.;cri rcc'::rlavior of the epin G» ^ • In order to<.
(•r-t the Graen'c function D! ilia c^-ctcn the nonstojidard trcat-

r^vBt x/?c lit co. in vhich Hoir^iibcrg equations of notion ore

Itasefliatelly oot is nonentim epace. As a final

of thin cpj:-onch tho nr-v/ rl:^nical jdcturc* of tho

Erieos sccordlDS to \;hicli tin: rcnl clcoontary oxcitotiono oro

"but vri^h the Gtaticticol foimila different from the

'd c;ic.
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iirtd LOa- tig OF BOS ATIOK IK

IkuJdEHBK^ SPIN S> — ~ -

- - -f • .• •- -r •- ?- •
( i • w » J

Department of ^hy-sioa nAversit '-ovi ;ad, ovi .-.iad, *'tt:.;:o;jlavi<-i,

'.jeparteent of Xhyoics University of :-ovi :-;ad,Hovi .-adjiugoalavia

and

Boris Sidrio Institute of Unclear Sciences9Beograd,im4;oalavia

and.

J.B.VIJJA1C1IJA

Bepartaent of 'hysles university of S«ovi ',ad,^ovi ^ad^xu

The possibility of Boae condensation in a (laasioarticle

tem has been investigated in a nuiiber o£ papers

during the laat ten yeara.l'iio ma;.n conclusion of theyo papers is

that 3ose c end on .-at ion is jroba'blc if the tine for the ays-

ten to aciiieve state of tliersiodynaiaical cqnilibrius-i (aixe to

the quasi particle collisions ) ij aliorter than tlie quasi jarticle

life-time "vc «jince 'tC;^Gv,rv\v-' ulioro AJ~\o'<i~v is the raajnoii'i

siae \ — -th--; ma., \no.n

( this follows irom the Bloah'

~thtuxes } ana V ~ \

t > - S — \is of the order \ O - \  %> .0

law ctt low tjsi

2; velocity, it follows tliat

tte other

iiand uiie GJC erisaenta \.7] .jive for the iaa3non lire-tine tiie value

V. ^ 4-O S Cfor tiie ;trong - xternal asgnetio fluids}si.o, at

trie LA; teia?>(3rat;;i:i:'ar> the co•;.-;.'ition for the existence of bhe con-

deaoat is ful£illod.



I'lie Boao condensation v;ill be considered in this paper as a
, "& JL "̂statistical fluctuation occuriiig in tlic time interval to «a<vOO s>

,-itliout the relevant experimental facts it seems to us that no-

tliins definitively can be aaicl for tlio caoo of the stable ther—

modynatnical states.vhe experimental investigations of Booe con-

densation considered as a statistical fluctuation can be examined

in the crystal .::::.jo.̂ed to the neutron beam of high intGnoity.2iie

Hieaaureiaonta havo to be porxor • -d ,jurt after (in tho intex'val of

tine cnallcr tliaii \o"e s> ) tho transition of neutrons through

tho crystal.

The primary ai.a of tliî  paper is to investigate the energy

opootrari of olcv.icntar'.'y oxcito.tiono in the forroniacnet in which

BOGG con^onsation oacrura.ZiiC'i'GforG tho pooniblo procesaoo in the

ferx^o-ia^nct aro analysed in.the second section v;here wo shall

denonatrate that tha Gcjaoterins of ^uasipartioleo io to take pla-

ce doioinaiitly in tlio oarjc of the strong external nâ jnotie fields

v;hilc iii the JTjr̂ ona.:;:-.ot in the weak raa;.pietic fields the binding

of two bo3o;io into tho now localised, cmasiparticle appears to bo

tha conen:?ant procosrj to that of tho ooattering*

2Iio energy upoctrun of eleaontary excitations in the Heiwen-

bors ̂ orronagact is inv^atioatod in details in the third part of

thM paper ti::I.a;; tac Grocn'.; functions ra.othod.Ihe main x̂ esiilt of
3*

this oeation in that (if the intensity of the wave vector H ia

sn̂ ll co;:ip::u:ed to t-he uqu-:ro root of the concentration ̂ Q of the

condensed 'bosona) the dispersion lav/ depends linearly on \H\-

le for \K\*^f^vL wo oi>t-?in tli. dispersion law depen^in^ on in\e possible p ocesses in to.e ferroroagnet under the v;eak mag-

netic field aro c1i;;̂ tsf.:-.;d in ^12 fourth section.oince the contri-

butions Go;.;i:n-: fron t e p.?oaos.-.ef3 of binding of two borons at one

lattice point 2,ro ox onontially snail at the low temperatures,the



•3-

dispersion lav and the magnetization of the ferroiaagnet appeared

to bo given t>y the woll-lrnown Dyson's formulae •

2. OIF T:W -UOC,-SSiJ3 AT C -POiHiSH^IAL

She j?auii ro jroaontation or the Kani.lt onian of tho Hciaenberg

ferromagiiQt with, opin ^̂  "?" ^̂ ^ ŝ 1-1?3-0 cubic lattice has the

following fora

H - H
1 ' M

where

fV>,Vv,

'^lii rLi^-'loe.-^ of atom.r; i'i t":ie cryntal,

H -ulic na^yvri/ic ;.I.O/IG;VG or an atom,

the czto-nal maf-notic fiold,

* "2.

Vi, arid R, -who Paiili operators satisfying t3io following coomu-

tauion i'olatrlonc:

R, F>Z 1 .
fî , < f^V J

"\ \ L P.

\_^. in Uxc oi^on-valv.c of blio operator
n»y.



Since tlie fcurler traimf3X\.ation of the j.!aiili operatora r^

and R-*. does not conserve the confutation relations C^«N>) YKJ
<Vv

shall uoe the exact booon representation of the Paul! operatorJ\

At the lov/ temperatures it irj enough to take into account the

tv/o-boaon processes only:

oyaten:

H-H •V-

wheroJ

\\B

tVy

VA =. •»
T-vU

ve obtain the boson Hanilt onion of tho

T-J —

^

"D

-*-

f»vv

fVV

and l^ h,.-.vc to bo accounted for the Jcinomatical
^interaction of cl •;r.unt'vj?y ojccltationa \;hile V-\^ correaponda

to tho dynanical irt'-.r.'ict.-lon.In furtlier calculations with Hr t
*~i

V\a r-\._ uo ••.; :?.; .11 uso u :a Born a.-)..a*oxination bccauao"-'-c, D
thcue tor:.;; ai'.'c co . ;;>oa -;a ox1 t >..*:? .jotentialo of the Bom's t./pe.



Starting frctntlxo ;.,,:ncral ...heory of I.II.Lifaic u ,Konobeev

and Dubovolcijj \J31 deduced the f allowing formula for the c -pO'

tential ocattoriitg L.n^th:

whore:

•the lattice constant,
A

X -tlio o;:oha:a.̂ o integral for tixe nearest neighlsoura,

a one,

-the r::vvinai -nauo of the ?mvo vcotor in the firat Brillouin

It liao to be pointed out that Ĉ -'»o) ropruaenta tho corresponding

i'oî au3,a. frora- tr.o pap or L̂ "̂  ad--,ptod for the forromagnet where
\G taJ:e aa the rt^luc.;d riaso of two oagnons the value

At the IQ-J temperatures only tae excitations having tue small va-
\f \lucu of \J exist in the fcrronajnetgao vĴ ,.\Q) can be reduced to:

P o, \ M< ) r, . ̂ >

Therefore for the ntror.^ external magnetic fioldo(M*yv^>1,^ v/e have

for the tscatterinrj lon^th from (X.Vb) the follov/ing value? i

I
i



ihua we concluCo tI.-.-Jj t^ore in tho scattering of quasipartic_ea

at o -potential in this case*

If we do t e standard transition in V-\ ( see,for exanple[iO"

it follov-g fron and

i. • M*^ describes the repulsion of booona,

i'or tho siall external fields vrhsta. M^H-4^^ (this includea

alyo vVV •^•O } tlio formula Cj2(.V^>j givea:

i.o. tlio onallcat distance of tv.ro qtiaoi part io loo is much larger

tlian tho q̂ uaeiparfiicle nisc,In fact, this moans that thero wa.3 no

scattering at ono lattice point (because in the cases when the

ocattorin^ ta!:o-;; place i.l/.c uoattox*i»g Icuglith is of th@ order

of the ouaul particle oi^o)but tho binding of tv/o bosons into tho

now Guaoipi*ticl3 Jj.avin.fj the si?:e ouch larger than the size of the

initial f.r :,â ip::ticloa i,c. ̂O tv̂ , .ciirjco this quasiparticlo hao

the laxjjo siao v;c can conclude that it ia localised (300 aloo

and tli rofora it's die portion law do-os not depend on V^ practi-

cally. riiG cor:con,oondii) , Copulation n;un,bor of those quasi particloo
__ V->;V/f_

is yro;;oi?t:i.Oiial to <£. , ao ĥe contributions coming fron the-

se quaaj.. ̂article a are vory snail at t ;e lô / tenperaturea v/hat io

the well-laiuun result oi' Ĵ ooii.. ,t has to mentioned that V-L also
°i

lecn'io to tho binding of tv;o booona at ono lattice point while V
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from numb era,i•o.

M

t

Therefore the eigenvalues of the operators and r> -# arei

k

wiiere ^o i^ ~^1G -rubber of 'bosons in the condensed state.The

separation of .Dooo operafcorj ^?*S into a pair of Boae operators

simply ..ojTIecbc the fact uo actually have the mixture of two inter-

act ing GUbsyGGCll'J*

The following .;x'oco,?,sos have to "be talren into account when one

calculates the energy G,)cat}^::i uf olcrt:ntary excitations in a oyo-

tcii v;itn t'lo condCiioed otutc:tho acafctering of noncondensed bouono,

tlie armihilation of t'.-.'o' condona d^Bosonu' with the aiciiiltaneous cre-

ation of two noncoiideBood booons and til o inverse pi'oce^s also.

2heoe yroooorj..?s v/ill DO .-jei.3cr.ibed by the Green's functions^ Cv5w) ,

Ob CH) and C» Cv?.-) ,roopectively.2he couplete descrip-

tion of ;.he uyutor. -.ri Uh the cori^enaat is given "by the set of equ-

atioftj dofiviir^ CS C^)
represented on F:l^.l.2nc 33

function of nc-ncondenstd borons,.

8 IS

denotes the Green*;

represents the

Sreen's functivn of frue "bo;:so.u3 (nojicondensed aloo) and

i'ts the C'-x"?en'i.-5 function arj;;-eraii g due :̂o interactions botv^een

noncondonjcd ar̂ cl condensed bosons.^ho vertex V̂1,,̂ H)'=1- y& cor-

rc3 ,onJ.j ...o the G :.ab i;cring of i:ao nonconucnsed booona and to uhe

ocattQ.^i' • . ; . of uoncoTKicns'-id aoucnj at t;.c condensed ones .The vortex

ty\s he croatlon of tv.o noncondenaed bo-



ivs with the

•M ot,.

value T̂ e n.i

Green'3 function

by:

.tan̂ oua a:?uii'iilation of two condensed one3,and

is to bo accounted for the inverse process. I'ho

to ho joined to the oacili line fi/ •Ehe

*•—*—** in given in the caae of ferroiaagnet

where

P -

x'ie analytical cxprcation cf the aquations from Fig»l» ia the fol-

lowing:

where



of the be; tli uroe

lowing

of eleftontary ̂ citations (defined as a polo

f;rnct.ionc ) la riven as a solution of the fol

It ia ncâ 3"o.:'?y now to calculate tho vertex parta

and ^ D^VA"^/ .Alia graphs do scribing the processes in the ayo-

toa arc ^ivcn on îg.J. and .Fi~,;5.rt nuot be pointed out tliat the

graphs doa;;r;L!)e the first order processes onlyvl'he l)lack point on

t/'G .'cig.2, o.onoton £> - potential v;hilo the wave lino corresponds

to tho ;oto.ntic-.l TH-*•-*• »'Xho •graphs containing condonsed bo::on
rVx.w-y

linos only ar-c no',, osiplicito.lj given on Fig.2. but their contri-

butions are tai:c:n in'^o ac^ou>.r« on trie ^i(j,2. b.r help of the Ilu/jen-

holc- Inon tlicor^no \,,joe ^o^^v) .According to thin theororae every

_,rap:i ocntain.lag co^.':nrjod linos orily is equal to tha aura of all
^>s~

^Oo^ible {̂ raph-; obvaivcd j?r,*o;.i it by tae outHiUution of pairo of
\

cc'".icnuGd II: ;-:•-.: by the wlrn of t-he noncondetised ones.ihe graphs

f l\\(^\^} 3 C./^>H'>) •: * V s \J) '-';^^-cl1 contain the full lineo on-

ly corrc.i;,cv:-.(livi^ to •-o;->ao-3,don:;od boaono,are evaluated by a otan*

darcl v:.oi!.ril^uo on '*^.': '« in the first or.lcr portxirbation.ihc bro-

lcC2i li'ioa on 71:j«>. co, ro^po--~(l to t:ne nean value of the nunbor of

noneor.c'kr-v.;oi;'. l^nnuna ; ; . > i ^ jconneouently, they urtould bo replaced by

As i,t \xi;i /o i i iu- d o.;t v.̂ 4 *jlic higher orcior graphs give the

eo.at-.dlruuion:; ,jco /o^ / io -.al either to <Vvc or to (VVo^^ »

and Lue to / i ; anal! co^con;,^-; . t iu-3 *Vv6 and :V\ those contri-

butiono riay be ne^looted.
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According to ./I,;-,j. <:. ani 5. cno obtains tho following expres-

sions for the vertex ;>-\]C'to:

-£/

- H 0,

and ^-'S,- -,-:c iiavo evaluated <j from "^>.7 and

]- <\\*^) i'roy. C^o^) • iiie energy of elementary excitati

ons in t.'io .foi'i'OMa-cnct v/itli r>oao con.densat ao it follows from

is:

E. \:

A!IC Locum cpoco^u-.: under Die conditions of condensation s.a-

tisfioj; the " G-olJ otone ::.-:i^oror:' "ooeav.se v.aen 1 v^V"~ *" ° then the

dopenda linearly on

j . i » c - « -.).- :;ipn.cticloa have the "acoustic" dispersion

lo.v/.Kin velocity of this ;'rn.'v ;nori sound E is civen by:

energy -» p - . . 110 o:;icr ;;y

On t-ic otiior iuii'd, v.1ion

r;ibic dispersion l;r,y E.

f JU follov;c from tho quad

,i.e. auch dispersion



IDA; which we iiavo in tho oa^on vfaon the conclonsat does not exiat.

4. 2m; i;Ni;,"LC-jr ŝ sesROH c?. PH.; F;jfaoHAa.̂ u? UNDJR SHE
iiAOiUTIO FIr'LD

i\;o processes trJce nlaco 3i;::utoncouoly v/i ih the equal volooi-

tica in the ferronarmo't; in tae weak magnetic fields :tlie scattering

of froo boaono and the binding of two bosons when they appear at

the aane lattice joint,, ;he tin-o \, in wlticli tho ferroniagnet ach-
^M/.. i

ieves the state of tho thorniodyiiayical e .uiiibriu^rTire-time T-o of

1'roo bo;.;unu are of trio f>;ur>o oruer of ma.j.nitua.o and thercforo vHe

a^pcaraiue uf t';.o corclo-v^ed stats dooo not GCOEI to be suro^as^in

the caue o^ the ?.;tro:i^ ;\si;arr.al nar;netic Xielda..<'e ahall aosume,

hci'/cvor, v-i^at bhore io t:io oonuanaat in the rorroaa^net,but all tho

^ra.;-ho oon'caxning ^v/o incutai-nr; vertex lin-js (those are the .graphs •'

C^^-C^t^ on _'i^.2 ) t/hioh cov'r^a^oHd to tlio appoaranco of two bo-

aony at the oane lattice point will bo rejected since taeae graphs

give exponcatially sruill- corroatlons to the tkcrraodynamical cha-

raotoriatica br tiio syot-:m,a-f> it waa pointed out in Sections, Tho

ovaltic.-.tion oi? tno vei'tc:-; oarto ucing the graphs (A,A
. '

Fig,;-':, (and oori'ou^orui--^ ^ra lin .rr^n ^ig.3») oivea:

ana*



•2he eno^y .-.ncc .,rarri,obt'.v.inod frcra

is identical to the w-.2ll-}:novm. dispersion law o£ Dysonpei^

She cia,piot Isaticn io given by \r using the exact Jo;; 3 representation of Pauli operatore (£.5) , by

The last tern in ' y viaa bo be rejected since itfa3 ''the graphs,

A,)-^^ f coi'roapon4c Lo the u peou'anca of two booons at one lattiC1

point(and»oonse;jucntly9{;ivoa the ejrponervfcialiy small corrections,

If wo .aul>o-ti'i.ul;o in

lo - \e moan value

"
V

e

it follor/3 tUo ;.;-y3on .3 formula for ne, jneti^ation;

f > -fo - \ ̂ /

o tiir:.t all the results of Dyson's fclieory of ferro
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KT'.griot aro vnli'J inueporvJortly oJS the presence of the conuonsat

if the ferro^n^net io in tho v'̂ ali external magnetic field.

5. cojfci*j
Ins poo3i"h.l.e pro-.? or; 303 in tho fcrronâ nct with spin *b **•»;:

aro in details investigated in thia paper, It was found that Boso

condensation ID o -oboblo if f .:?rrona;;nct in in the strong external

magnetic fielet.Conoiderinjg '-OGC condomcntion as a atatiatlcal flu-

ctuation of a lifo-,in:; airvrorcinatcly ^O s= it is established

t-e enê y syGotnvi o.,.' elsnont-.ry excitations depending linearly or
j T" j

^ave vector iiitcnalty } Hj if it is uuch smaller than

tlio square x'oot of co.ucontrr-.tion of the condenood 'bosona

vMl' f ̂ r V^V ̂ > \vi« ..it 1,: foupl tke quadratic dispersion law*

It v;aa shown alno that, b "aides Bo^e coadenoation,th.o binding

of tv;o bo-jo s into c». no- .-,-, localised quasi particle takes place in the

f erro;na, :not if it iy placed l.rto a -.voak external magnetic, field,

It turnc-1 oat,]iov«VGrjt.iat in this oa;^;; the jjynon'o results hold

:;:vov;c":dleoa of tlio prooGjiCo oT t'^e condensed a'uate.

lii tii eaye of utr-onr; rio. c-otic fields, in time-intervals much
- s

lo':.,;er titan \"O -^ t:io binding of two "oosona into localiaed quasi-

;.>article ir; ^oo^ible al^o,oo t-iab,by the samo kind of reasoning aa

in Section .i, ,.c can .:,ut:.-.in •'.•'ho Eysoa'a reaulti; in thia caoe also,

natural lyt only tliD e~:.^crir.isnt can ^ivo the answer v/hat really hap-

jeno in tho fCii'r^na^M.'t tinacr 'C-'-IQ strong magnet ia fields and in Ion;

ion^ time-intervals ji.e, vmich -.rocoao i;j dorainrnt : scattering

o.C free bo :-o:\ or t nir binding into a localised ^
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In this paper the quasi particle processes caused by « -poten-

tial are investigated in Hciaenberg ferrojaagnet with opin S=» ~
• . _s w

It \va3 foimcl that in Ghort tisie-intorvala ( T < ̂  *» ) the

quaoiparticle aoattox'ia;- t-out-ly take a placo if the £ erx'orn gnet is

placed in the strong ex renal magnetic field v;3iile for wealc fields

tlisre is also boooii binding into a new localized guaoiparticle.

.i.U)tv? conden;3r.tion liaa been considered as a statistical fluctua

tion of l;lfo-':..ine of tr.a orUci- \< V^^O* *I^ case of strong

e:;torrc.l Ciolda v;a foand,nr: :.rifj Belyaev's Green's functiono telini-

que that tlio elorjtcnti-.ry' ercitationn energy depends linearly on

i-/a,ve vector's intensify \%*t\ '.f \ H \a ernall corapared to the

square root of the- ccncGntr^.tion rv"V0 of condensed booono.^or

va obti i iuol t-to diapcrglon law depending on

It "na;i boon pj^ovad alc;o that if one aaanraea the Boae cond

to take ;laco in i'^rroTij^iiot in vcak -inaanotic field (whon there ii

alao boson binding into localized qtiaoiparticlea) it follows the

Y/e3Hmov/n Dynon'a foiv-ralae for tUe Heiaenberg f ei^ro; lagnet .



Glava druga

Vezana stanga u Heisenberg-ovom feromagnetu.

A= Razlozi, cilgevi i inetodi

Problem vezanih stanga u Heisenberg-ovom feromagnetu predstav-

Iga g'edan od retkih problema u teorigi f eromagnetizma kog'i se

moze egzaktno resitio Upravo iz tog razloga on ge cesto odabiran

kao test za valganost raznih formalizama,, U izucavanju ovog prob-

lema, nedutin, ipak se nailazilo na teskoce koje ce ovde biti

izlozene da bi se razumelo zbog cega je n?ad na ovom problemu

postao jedan od predmeta ove disertacije.

Kao sto ge dobro poznato dvomagnonska stanja u Heisenberg-ovoni

feroiiagnetu definiSu se preko talasne

V *= /2.1/

; •*\e A7~ predstavlga anplitudu verovatnoce da spinski operator!i S., stvore, delug'uci na osnovno stang'e T,.— to> /u ko-

^gem su svi spinovi "gore"/ spinove "dole" na mestima I i \ kristalnog" resetcio Odmah primecugemo da za spin S= ~ ova

funkciga nema nikakvog smisla g'er ge citav skup stanga

S-* S* ;j> =0 pa odgovaraguci koeficigenti A ̂  -* mogu da imagu

proizvolgne vrednostio I pored toga ova funkciga ge bila ko-

riscena, od strane niza autora, u proceduri kogora se dobig'agu

vrednosti energige za spin S= -~ „ Pritom ge, naravno, buduci da
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se svesno polazilo od necega sto nerna smisla, bilo- potrebno

da se kasri.je, posto se formira jednacina koga opisuje dvomag-

nonska stanza, ucine ispravke. Bethe ' , na primer, postavlja

dopunski uslov A. . + A. . = A. - + A.. /i,j najblizi susedi u
•i 3- J u 1J <J 3-

(jednodimenzionalnoQ resetci/, dok'Mattis Sinatra da treba

dopustiti definisange nefizickih aSlituda A_^_.. , i da ceo pos-
v v

tupak odredivanja energije i talasne funkcije dvomagnonskog

stanja u slucaju spina S= — treba sprovesti kao ?a spin

S 1 kada nema pomenute teskoce

Glavna mana a ujedno i vrlina, ovih "resenga" jeste njihova

heuristicnost= Dok Bethe ad hoc postavl<ja svoj uslov, Mattis

prelazi preko ove ozbiljne teskoce jer u protivnom jednacina

koja opisuje dvomagnonska stanja ne bi mogla ni da se formira»

Idega kojom cemo se mi rukovoditi u resavanju ove teskoce jeste

da? posto vec ima ozbiljnih indikacija da su elementarne eksci-

taci-je u feromagnetu bozonskog karaktera ' ' , kao funkciju

pobudenog stanja treba uzeti

T =

;de operator! B

>j)

/2.2/

stvaraju Bose "cestice" na mestima•* •*
1 *

I i ^ = Zatim treba, spinske operatore u Hamiltonijanu

izraziti poniocu egzaktne bozonske reprezentacije spinskih ope-

ratora 7 i naci energiju i koeficijente A^^.- u talasnoj fun-

kciji stanja, a na kraju potraziti procese u feromagnetu u kojima

as ova razlika u prilazima jasno ocituje ra fizicke rezultate0

Na ovaj nacin bi pored resenja pomenute teskoce bio eksplicitno
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<?.at netod koji, u principu, ĉ jc oc?.ocvcr- no pitanjc da li

su elenentarne ekscitacije u feromagnetu spinskog ill bo~

zonskog karakterac,

Ujedno, ovakav novi prilaz resava drugu feeskocu koja se oav~

Ija pri analizi pomocu spinskila operatora, a koja se sastoji

u nekanonicnosti njihovih komutacionih relacija prilikom

Fourier-ove transformacije kojom se prelazi iz prostora di

rektne u prostor reciprocne resetke. Nekanonicnost ove tran-

sformacioe unosi, kao sto je vec naglaseno u prvoj glavi,

mogucnost pravljenja greski koje j'e neinoguce kontrolisati,

Medutim, kao sto Je poznato, Fouricp-ova transformacija bo-

zonskih operatora odrzava njihove koinutacione relacije pa

pri radu sa bozonskim operatorima ovaj problem ne postojio

U analizi problema vezanih stanja koristicemo pored egzaJitne

bozonske reprezentacije spinskih operatora, i druge bozonske

reprezentacije /Dyson-ovu , Marumcri-jevu da bi detaljno

ispitali koja reprezentaciga najadekvatnije opisuge vezana

stanja i procese u feromagnetii u koje su ona ukljucena,,



Bo Hezultati

U radovima 21), 22), 23} prilozenim u ovoj glavi dobigeni su

sledeci rezultati:

1. Energije vezanih stanga dva bozona i dva magnona u Heisen-

berg-ovom feromagnetu sa sp

mula 2,1,77 i definisane sa:

berg-ovom feromagnetu sa spi nom S / -^ su identicne ''/for-

gde je; \ = . /
. p A — tL
rt-s Cj fci

\
• O

E: energija vezanih stanja

t

V : brog dimenzija kristala

Q: zbir impulsa bozona Q=|Q| =

1 PI 1Za spin S= -̂  dobijene su energije vezanih stanja dva bozona J

/formule /2.2o/ i/2.26/'

-
/2.6/

identicne sa vrednostima koje su ranije dobijane za vezana

stanja dva magnona /na nacin kogi je kritikovan u prvom odeljku

ove glave/o



2= Marumcri-jeva bozonska reprezentacija spinskih operatora

moze se okarakterisati kao neadekvatna jer daje dodatni

energijski nivo E= -~ koji ne moze da se dobige ponio-

cu drugih dvaju bozonskih reprezentacijao Nainie, Marumcri
2*

Yamamura i Tc&anaga su predpostavili da je Ŝ  = 0 za sve
t

bozonske populacione brojeve vece od 2S pa je zbog ovog

neprirodnog uslova dobijena bozonska reprezentacija neadek-

vatna za opis feromagneta.

3° Izracunata <je talasna funkcija vezanog stanja dva bozona

u jednodimenzionalnom kristalu i u aproksimaciji nagblizih

suseda pomocu Hamiltonijana u kojem su spinski operator!

predstavljeni preko bozonskih pomocu egzaktne bozonske rep~

rezentacije ',

' s- €
^yr- <i_. , .» —«. \• -J

-fQ Vt ̂ pf̂ f,/-'̂  t ^ ^
/2/8/

gde oe:

\/

Takode je dobijena talasna funkcija vezanih. stanga dva inag-

nona u Heisenberg-ovom jednodimenzionslnon feromagnetu sa

spinom S =• -^ i u aproksiiaaciji najblizih suseda'



Ove funkcije sadrze clan S S

gednoia cvoriu U slucaju spina S =

kcg'i opisuje dva magnona na

1 S S_10> je identicki

ravno null pa "bi to bio razlog da se ovaj clan odbacio Medu-
^ - \

tin, ako se celo razinatranje pocne sa { S. j =0 tada nije mo-

guce formirati jednacinu koja definise vezana stanja u fero-

, jer koefidijenti A. . mogu da budumagnetu sa spinom S =

proizvolgni te smo zato prisiljeni, da bi uopste mogli da raz-

matramo problem, da predpostavimo S_,,S_p 10> X 00

Pokazano je da Dyson-ova reprezentacija daje dvobozonsku ta-

lasnu funkciju vezanog stanja formalno identicnu sa talasnom

funkcijom vezanog stanza dva magnona

I

/2.12/f-j
"iS

Ako se pak vezana stanja dva magnona u Heisenberg-ovom fero-

magnetu sa spinom S = •?> tretiraju pomocu egzaktne bozonske

reprezentacije dobija se talasna fiinkcija:

1 - ~
/2.13/

gde j

V-SL /2.1V

koja se razlikuje od talasnih funkcija /2.8/ i /2°12A

60 Kao test ispravnosti razlicitih talasnih funkcija predlozen je

proces prelaska iz vezanih u slobodna stanja pod uticajem spo-



Ijasrgeg periodicnog raagnetnog polga

,23)Za razne vrednosti spina S feromagneta tabelirane suc~^J vero-

vatnoce prelaza iz dvobzonskih vezanih stanja u slobodna bozon-

ska stanza i verovatnoce prelaza iz dvomagnonskih vezanih u

slobodna magnonska stanja u jednodimenzionalnom slucajuu

Ha taj nacin trasiran je pravac istrazivanja koje bi dalo blize

informacije o karakteru realnih elementarnih ekscitacija u fe-

romagnetu,, Potrebno je, naine, izabrati i tretirati teorijski
•

pomocu bozonskog i spinskog formelizma takve dvocesticne procese

u feromagnetu koje je moguce eksperimentalno utvrditi i meriti .

Na taj nacin bi eksperiiaent definitivno odlucio koji formalizam

najadekvatnije opisuje realne situacije i procese u feromagnetu,,
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Problem of Bound States in Ferromagnets
with Spin $ = -J-.

T). I. LAi.ovid, B. «. Toyrc, J. I>. YUJAKLLTA (*) and K. B. ^

'Boris KidriS Inslilulc of 'Niidcar Sciences - Bcograd

(riceviiro il 29 Dicembre 1909)

Summar5'. — TJio problem of the bound states in the lleiscnberg forro-
niugnet of spin 8 = J is considered using I I H ; exact boKon representation.
The. results are identical \ v i i l i tlioso oblainod witli t l io spin operators
bnl: ibe. ]>rusent approach docs nof, sull'er from tbe inconsistencies inherent
to tlio spin-operator approach. Also it is shown that other existing boson
representations (Mftrumori, Dyson) are inadequate for the. treatment of
the bound states of tlio lleisenberg forromagnot with spin S=J .

1. - Introduction.

In this paper the; analysis of the, Ileisenberg ferrromagnet in terms of the

different representations for the spin operators w i l l be extended to the problem

of bound states. As was mentioned in ( » ) , where, a ferrornagnet in a. strong

external magnetic field was considered, the influence of bound states on the,

thermodynainical properties at low temperatures would be expected to be

important. Indeed, if juJ^f^I, where ,MJS the magnetic, moment of the. atom,

ffi the. external magnetic field and I thw exchange integral (this is realizable,
in weak ferromagnets only), then the most important term in the ferromagnet

with spin S = J is

(1.1)

(*) On leave from the University of Xovi Sad, Department of Physios.
( J) Yu. II. FINKELSTEIN, M. J. §KHINJAE and B. S. Toaic: to bo publisliod.
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where »S'* is ihc component of t h e ,s]iin iu the direction of the c-axis. With the
use of the BOKO representation of the spin operators Riven in ( 2 )

(1-2 5 - «- 2 Th
f-o V ' T

a
V-O V 1 \ •

#* = *S>* :|- /iS'» and />'* ami />'„ arc, 'Hose operators) one can easily -obtain

"

The symbol (...)2 denotes the expectation value of (he operator in the bracket
taken in a state, with two bosons bound at one lattice point. This result sug-
gested that the inclusion of t h e interaction terms proportional to the exchange
integral could in f luence the possible existence of an observable low-lying level
of energy RB<~->I-\n2/C corresponding to the two-boson bound state. Since
the energy of free bosons is J'Je = jitf -f \ (K is the wave vector) the
main contributions to the thermodynamical j)ropei-ties of tlie ferromagnets
would c.cime froni the bound states due to their great population.

However it turned out I hat ( l i e inc lus ion of tlie interact ion did not nui.ke
<< observable » the level ER~ 0 (1.3), and the results of papers ("•• ') (see also (5)
Gha.]). V) were thus confirmed. \\e think that such a confirmation was necessary
because, the analysis of bound states which has been done, in (;!-:>) in t e rms of
the sp in operators contained some elements that could cause, doubts concern-
ing the validity of the results and these are the use of the Fourier transform
oi! spin operators, which is not a canonical transform and also the use of « non-
ex i s t ing) ) states (»S'~)2[0/ in the case, of spin 8 = 1-, Except this, the equality
of the results in both pictures, namely in i,he spin and boson ones, conlirms
once more the boson character of tlie. elementary excitations in ferrromagnet.

Since (lie problem of bound states is exactly soluble-, and since, there are
other Bos," representations of spin opera-tors (Marumqri, Dyson), we used
this problem to test tlie adequacy of these representations in analysis of the.
bound states. It was found t h a t in this respect none of these o ther representa-
tions is adequate. In the case of Marumori's representation this inadequacy
shows up in • the appearance of. a redundant bound state with an energy
E =--- o / J . As to Dyson's Hamil tonian of ideal spin waves, it gives correct values

(=} V.1 M. AGKAXOVIC and B. S. Tosic: %urn. Wasp. Ilcor. Fiz., 53, 149 (1007),
English translation, Hoi;. Phys. JETP, 26, 104 (1968).

(3) 11. .BETIIE: Ze.ilit. /. Pliys.. 71, 205 (1931).
(•') ^ f , WOKTIS: PInjH. Hfv., 132, 85 (1903).
(5) A. J. AmK/.KK. \'. G. BAK.rAiri'AK anil S. V. PBLETMINSKIJ: Kpin Waves

(Moscow, 1907) (in Itiissian).

i mi ' " ' !
- ' . : • ' • - ' ' / ! : . ' • ' . ' ; j'.'l) J



PROBLEM OF BOUND STATES' IN FERROMAGXETS WITH SPIN 8 — \7

for (he bound-state energies, but the corresponding wave functions are not
correct. This incorrectness yields wrong values for the transition probability
between free magnous and I he bound states. Tin's is explicitly, illustrated in
f i l e case of the transition between free and bound states influenced by an external
radii (frequent magnetic field. Thus it turns out that the Dyson representation
is adequate for the ana-lysis of the thermodynamica! properties of ferromagnets,
bul is inadequate for the analysis of its kinetic properties.

2.'- Wave functions and energies of bound states.

As we stated in the Introduction, in the analysis of the bound states we shall
use th_ej3X_act.JBose representation of spin operators. The spin-operator repre-
sentation of the Hamiltonian of a- simple cubic crystal has the following form
in the nearest-neighbour approximation;

r
where

a = — I N/iJf — \ ,

N: tlie number of atoms in the crystal,

I: the number of dimensions of the crystal, and

X: the Vector connecting the nearest neighbours.

By use of (1.2) we obtain the. Hamiltonian of the system in the boson picture:

CO / f)\f

^21
Tvfo (1 + V)

9 *- '
w "A

V2
T^v r t i ' l V
p'n />. I

L'-o

f>w T r co / _ 9\
"' T>tv + l /)!• + ! ^> I J/ r)ti/+l/,,. + l

+7f! 7>" * J L§ (1 )̂"! "+A ""J '

The Avave func t ion of the ground state of the boson system described by the
Hamiltonian (2.2) is defined by

Vo =

and the wave function describing the state with two Bose excitations in the
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crystal by

Tilt1 enel l ie i i 'Hts ^1,, „ arc symmetrical , w i lh ^1., „ =/-"•
Since we have

and .

Sig.

where the second e<iual iou is oblaincd by left-applying Hie operator
2 vt 7^,_ /.'̂  lo 77(B)jO> =7^0|0';, subtraction of tlu>se. two equat ions ^ives
6igi

\e equation

—' gi'Si'
Sig,

> > .fii fi ' == — E 2 ^. ff «1 ̂ ! |•• gi'ga 4'i Si1

the excitation encrtry of the. crystal 74 =- E., — }<}„ > 0 and the.
c.oeflicients .,4 defining the excited state J2/. By [vl, />'] is denoled t l i ( > c.oin-
inu la td i ' of (lie operators A and II. Substitution of (2.2) into (2.5) ̂ ives

After Fourier transformations in (2.6)

e e = ^~a 2 '«]> [»(

Avhere X"1; jFC2 and K an' wave vectors, we obtain

(2.8) \V-
'I'K.
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Where

(2.9c)

g, = i (K, - jy ,

Ill Die expression (2.Or./), which represents the sum' of energies of free bosons
and in eq. (2.8) also, X goes over a half of the. neighbours.

The energies of bound states are by the definition all values JJ < J'^j('j)
corresponding to the nontrivial .solution y.Q(q) =£ 0 of the integral equation (2.8).
If we take in (2.8)

i

we obtain

.G*
q'H

I terat ion of (2 .10) by means of (2.11) with the assumption

(2.12) 1 -i- Y<» + A% ft" J^ = '(I .

Tlie, following notations are used in this equation:

gves

e-i

/ '

2/J— K

,AQ) ,

• FWWTFTffl
' ''
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<-os((,y:J)-<.oK.re

15.13d)

(cos Q0/2 — cos or-g) cos xe-

It has (o lie poinicd oiif, Ihai , i l i . > choice of flQ made )ty (2.10) is (he-

.choice, ensuring (he convei^ciice o," ( i i e exjtan.sion &IQ £)% $]$

evidei t f . if Uie matrices J^>, fig and 6'̂ ' are wri t ten in the fonn (:
The convergence of this expansion is expl ic i t ly veri/ierl by the di

possible.

h is not

jronali/.ation
of (he matrix G'̂ 1 by the uni ta ry matrix.

In the one-dimensional CM so. (lie eq. (2.12) becomes

(2.14)

where

(2.15) •/, = -77: J cos (Ql'J) cos re ~ ,a

Assuming cos ((^/2) = cos ($2/2) = /y, in the two-dimensionaJ crysla l , ( l i e
foi'mnhie (2.13/y)-(2.13d) reduce to

n n
1 f f 11—Jy2(cos.r,-f cos .'.'„)

= Ay = — I dx, d.r, — cos .
^2 J J 2/a(cos ,rt + cos «2) — //

o o

,>2(cos ,r, -f- cos .r,)

0 0

n n

! f f (.//2 —cos .TI) cos .r
d*i d,r2 -

'" J J ia(cos .T! -f cos ajj) -
0 0 .
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a.lKl (2.12) tO

(2.17)

W i l h ( h o s imilar assumption cos (Qi/2) — cos (Qa/2) = cos (Q3/2)
have for the three-dimensional lattice

n: n n
L f f >,' — />.,(cos .7v|-cos .(•„-!- cos .r,)

I CUB, QS!, d.r., ' c.os .1.',;^
7I3 J J J • • £g(COS .̂  + COS .̂ j -I- COS ,r3) — fi

0 0 0

(2.18)

/.»<» W(2»/>/-> • — /> /»

, .<">(Q •

—— 7>o
f]r ,1r 3 - ,

' i US/a 113-3 V , -̂  " i
7v,(cos ,rt + cos ;r:2 + cos .r;1 ) — //.

0 0 0

Tin n

_ .lr ,, ,, d ,.I (l.J, (U a <l./ :1

-

cos .r,) cos Xl

/.3(cos ,-T! + cos .T, + cos .;•,,) — 11

.
<J<» =— hl,r, d.r., d ,«, -- ,

71s J J J ' £j,(cos .r, + cos .r, + cos ,T3) — /«
0 0 0

while (2.12) reduces to

(2. .10) (»/ — /i)(l — o< 3> + rf'3')^! — r;"' — S/?'") = 0 .

On the basis of (2.1,1), (2.17) and (2. J O ) we can conclude Hie i ' o ) !o \v in< ; :

a) From the condition

w h i c h is the sumo for n i l 7- = 1, 2, 3 it follows that
-

(2.20) B = 0 ,

r.(j. it is shown t h a t an observable low-lyin<_ r energy level does not e x i s t ; ( h e
s i tua t ion in the crystal i,s the same as in the ga.,s (see (1.3)).

b) The energies of the observable bound states which follow from

(2.21 K- ,/,-! = 0
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in the one-dimensional case, from

(2.22) 1 — c<»-f <p» =» 0 and, 1 — c<-> — rf<=> == 0

in the tAVo-dimensional case and from the conditions

(2.23) (1 — e<3> + *••»)= = 0 and (1 — c.'V — 2dw) = 0

in the three-dimensional case, are ident ical with t h e energies gJA'cn in (s-6).
Consequently, the results from ('••') 'are in t h i s Avay contirmed by means of the,
Bose representation (1.2),

\\e. shall not analyse the results obtained here because the detai led analysis
is presented in (4i5). Instead of this, Ave shall del ermine x^(fj) from the eq. (2.8)
using (2.20) and (2.21). Bound-state Avave, funct.ions AVI 11 be evaluated Avitli
the. help of functions XQ(IJ) and the expressions (2.4) and (2.06-). We shall investi-
gate in details the one-dimensional case only since in other cases ii, is not pos-
sible to find «0(<7) in an explicit analytical form.

Let us consider first the solution E = 0. Substituting (2,20) into (2.8) AVC
find (.hot in th i s case for all Z = ,l,2, 3, ( l i e func t ion «0(</) IK

(2.24) «0(fy) =

where j'Q is an arbitrary function of Q. From (2.24) and (2.f)c) i t - follows that
•

The ]) i 'o j ie i - ly normalized Avave function is in this case, expressed by
:

We. shal l see later (hat the state (2.25) takes no. part in any physical process
in tiie crystal including the spin-phonon interaction and the interaction of the
ferromagnetic Avith the external periodical magnetic field, c.y. it is nnobserva.ble
even in this sense.

From (he eq. (2.2.1) AVC obtain for (he bound-state, energy

/ 1 O\ 2/1— 2J/1 — -sin2-f .

\/
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If we assume, tlia-t the bound states are formed by coupling of the nearest negh-
bours, tlie equation (2.33) gives

(2.35)

where

A.if±J = - exy -fc ~j J fl(0)

sn

The normalized Avave function corresponding to the energy (U.l-'O) is

where

Tlie, states J2fl>jf_2 and |2C>^_0 are or t l iofonal . \Ve Ji;i-ve !o note t h a t the n o r m a l -
ization is accurate to the arbitrary additive function F(Q) orthogonal to G-(Q), c,.y.

but F(Q) gives no contribution to any measurable physical q u a n t i t y on account :
of the. orthogonality condition.

By an analogous treatment we can tind in two and in three-dimensional
crystals the function #Q(qr) and the. cocJHcients A ,_ . It is easy to prove tha t .
the coefficients Agi arc equal to zero for all nonzero bound-stole energies.

3. - The transitions under the influence of the external periodical magnetic field.
The comparison with the results of other theories.

\\c have seen that in ferroinagnet there are, besides the free s la tes

the bound states too. Therefore it is of inleresf to investigate I l ie i n l e r a e l i o n
of the- spins with the lattice vibrations and with external periodical magnetic-
field, since these interactions could inf luence the transitions from the free to
the bound states, and also the transitions between the bound states.

-
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The Ilamiltonian of the spin-phonon interaction lias tlie following form (('}):

exp
K.nlnt

where />t ami 7;£ arc phonon crea t ion and annihi la t ion operators and

(3.3)
^

He re n>A- rcjiresenis the ]) l ionoii energy and eA-'i(s polarization, Usinj^ t h e exact
Eo.se representation (1.2) we. obtain

~

On the basis of tlie j'onniilae (3.25), (2,3<>), (3,1) ;uul (3.4) itilis easy I n obta in

(3.5)

•i.e. we conclude thai; the spin-phonon interaction can not influence the t r ans i t ions
from free to the bound states and t l i e transitions between the bound states.

The Ha'miltonian of the, interaction between spins and the periodical mag-
netic field is (see (')):

(3.G) Hsh = ~
so

whei-e £? are the energies (the field frequencies) and h(*}(Q) and Ji"\fJ) (il
field comi)onent,s in a.n energy representation.

For the matrix dements of the Hamiltonian If,h(fl) which is ob ( ; : ined from
Hih by the use of (1.2) we have 'g

(3.7)
~ = 0 .

(') S. \. TI'ABUKOV: The 3I.cl.)uxls of Quantum, Theory in Magnetism (Moscow, 1965)
(in Russian).

) ;
If I '
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The Mammon's representation (see (*)) gives the following effective boson
Hamiltor.ian for the investigation of bound states:

/o -i o\f _ 7? i / I V /,'1' 7^ 1 7 V P* P 3 I V 7?t />* /' / > i
.-"if " J\ -' Z '',. hn — 21 2, ''n 'W —..I' • - 1 Z 7>" ''» ''» 7>n +

nil nl

1? if>+. Ba+3t i:n+, - U I /C /^ nn i:n
nA

(Joni])li'te]y analogous treatment as in Sect. 2 ieads, with the ITamiltoniai i
(3.13), to the integral equation

(3. 1 1 ) | K ~E ~ 2
J * ' / 1

II- is easy to .slunv, usin.tr ( l i e results of Sect. 2 tha t the eq. (3.14) gives for Un-
bound-state energies the valu-.'s obtained from (2.9), but the level E — 0
beccinies Iiere ol)S(M'vable, i.e.

The appearanee of ( l i e addi t ional level E — \s the eonsequenee of the im-
posed condition on ihe ^raniinorrs representation. Namely, it is assumed
in (8) that >S'* vanishes for all boson, occupation numbers which are larger than
2S. In this way an inadequate boson picture of the ferromagnetic was obtained.

In the theory of magnetism it is often used the Dyson's Hamiltonian of
the ideal spin waves (se,e(9)):

(3.1 n =

nA nA

It is known that- the effects of interactions between free bosons at low temper-
atures and for small magnetic fields arc well described by the Hainilto-
nia-n (3.10). The integral equation defining the bound boson states in the system

(s) T. MABTJMORI,'M. YAMAMUKA and'G. TOKUNAQA: Progr. Thcnr. Phya. (Kyoto),
31, 100!) (1904). Sec also: S. C. PAXG, G. . KLEIN and K. M. DKKIZJ.KH Ann. of
Phys.. 49, 477 (1908).

(») F. J. DYSON: Phys. Kev., 102, 1217 (1950). See also: - S. V. MAT.KKV: /turn.
Eksp. Tear. Fiz., 33, 1010 (1957).

ml ' , ' , ' <
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described by the Hamiltonian (3.10) is

(3.17) [E — os - cos g'Xj «

and it gives the same values for energies as (13.8), except for ( l ie level E = 0.
Consequently, the Hamiltonian (3.1G) gives the correct, values for the bound-
state energies but the wave functions obtained here differ from those fol lowing
from (3.17). We sha l l demonstrate t h i s on the one-dimensional l a t t i ce . For
the energy E = E (2.26) the oq. (3.17) becomes in this case •

(3.J8) (vq— cos-cos c/ j «„(</) + cose/— V [ cos -^ — cos g' ) «,(</') = 0 .

The solution of eq. (3.18) is-

(3.19) «e(
'

and. the coefficients are

"
i,

(3.19«.) •

yQ cos q

i'a — eos (C^/U) fos i

cos r/

— c.os W/li) cos #

1 v [' / , / N! ' <c%c°89exP[t'9f(flrt—
4 ,̂.,, = Xr 27« ex], - <?{</, + ff2) h^ 2 - eos-/0>o) cos

!,*<>, -H 9 i^ J J V 7 VQ—VQB(m*)C1M

In the nearest-neighbour approximation the normalized wave function is

M /)>f 7?f -L- A I? I? )W(' 'o.o+i 'e "a+i ' i.o-i e i-l'r'- '

where

(3.21)

(3.22)

and

10, =

_1_ G,̂ ) t-xp [»C»(<7 ±i
'''
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As we see, the wave function includes the part which corresponds to the uu-
physical states with two bosons at the same lattice node. This changes the
values of the physical quantities evaluated with such wave funct ion. Eor
instance the probability transition from |2g 7,_~ to \^K>E_X under the influence
of the external periodical magnetic field is

(3.2-1)

+»

and if follows thai the admix tu re of the unphysical stales in |2,;£_~ decreases
the t rans i t ion probability. If we suppose that the function |A'~'(i?)|

•])endeiit of Q the ra t io of the probabilities (3.11) and (3.24) is

4. - Conclusion.

Tn conclusion we emphasize the, following:

a-) the energies and the wave funct ions of the observable, bound states
are. identical in the boson picture and in the paulion (spin) picture,

li) there is in the_bos,on picture, tlio completely unobservable state with
two bosons bounded at the sam;>. lattice point, corresponding to the nonexisting
state w i t h two paulions at one, lattice point,

0) Mammon's boson representation of spin operators was found inade-
quate since it contains an additional observable level which is not obtainable
in the other, spin and boson (1.2), representations,

d) Dyson's TIamiltonian of the ideal spin waves gives the correct values
of the bound states energies but wrong wave functions (namely, the Avavo func-
tions include the unphysieal states describing two bo_sons at the lattice point)
leading to inaccurate results for the transition probabilities.

The authors are grateful to Prof. V. M. AGKANOVIC; for valuable suggestions.

I
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Usando I'csatta rapprcsentazione dei bosoni, si siudia Jl problc.ma dcgli stali
legati DC! fciromagnete di Hoisenberg di spin S—^. I risulfati sono )<lcji(ici a quclli
ottciniti con g]i oporatori di spin ma il moiodo d'approocio qui iisjito non riseni:e dcllti
incocrwizc incrcnH al inotodo dcgli opevatori di spin. Si dimostra anclic c.ho all ro rap-
prosentazioni csistenti di bosojii (Mannnori, Dysoii) sono inartogualc aila (rai niziono
dcgli stati legati del forromagneto di Ilciscnborg di spin <SY= J-.

(*) Traduzionc a euro, dclla Hcdazionc.

cn!oniiiii>ix cocroiiimii n 4'eppOManicriiKax co CIIIIIIOM »S'=J.

PciroMe (*). — Mcnojitsya TOHIIOC 6o3omioe npe/iCTaBJieniie, paccwaTprinaeTca npo-
6;iCMa CDHiaiiHbix COCTOJIHHH B raii3cn6cproBCKOM <J)cppoMarncTHKc co cnntioM iV— -i.
Pc3yjibTaTW 5IBJTJHOTCH HHCHTII4HWMI1 pcsyjibTtiTaivi, urtjiy'ieuiibiM c HOMombio oncpa-
Topoa c i inna , no B nacrt»nucM noflxo^c nc cymccruycT npoTfinopCMiiii, CBOiicTucinihix
noAxoxy cntnioBwx oncparopoa. TaKMcc noKasbiBaeroi, IITO ^pynic cymccTByionnic
6o3omiwc npcaCTaojiciiHH (MapywopH, .flaftcona) neaacKBaTiibi jina paccMorpciiHH
CB5i3annbrx cocTO5innii raii3cu6cproBCKoro (peppo.viamcTHKa co CRHIIOM 8--$.

(*) Uepeaedeno pedaKifueu.

'

•
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HOW TO ANALYSE BOUND STATES IN FERROMAGNETS WITH SPIN

.
by

D.I.Lalovid, B.S.Tosid, J.B.Vujaklija and R.B.2akula

Boris Kidric Institute of Nuclear Sciences - Beograd

1. INTRODUCTION

The problem of bound states in the Heisenberg ferro-

magnet (the bound state in ferromagnet is the collective exci-

tation which is the product of two synchronous oscilations of

the spin pairs) was considered by many autors |l, 2, 3j. In

these papers the spin Hamiltonian or its Bose equivalent accor-

ding to Dyson \3[ was used for the spin of the arbitrary magni-

tude. For the case S => 1/2 the results are found by the sup-

stitution of the value S - 1/2 in general formulae. If we

should treat the ferromagnet with spin 3=1/2 in the same way

as in the papers jl, 2, 3 J , then the equation for the bound sta-

tes could not be established I We shall try to demonstrate this

statement in the following way.

The wave function describing two excitations in fer-

romagnet with spin S = 1/2 has in general the following form

fr (1)

where n and in are the crystal lattice vectors, S-,. - the

operator which diminish the value of the z-projection of the

spin for one unit and C- •* the coefficients deterrning the

amplitude of the probability that the spin at the points n

and m will be changed for the unit. In the case S = 1/2 the

state (S~) ]O>*O, i.e. in the summ (1) the term which corresp-

onds to n = m has to be "dropped" out. It is easy to Show

that this, completely regular treatment, leads to the bound

state's energy of the value whych is about twice and a half

•f On leave from the Department of Physics at the University of

Novi Sad, Novi Sad



greater than the summ of the energies of two frea magnons;

naturally this is physically non-sence. On the other hand, if

we keep these states in the summ (1), it is clear that we can

multiply them with arbitrary coefficient, and this must not'

change the physical result because these states are equal to

zero. However, for different values of the coefficients we get

different results. We have seen in the given example that the

result has no physical sence if these coeficicnts are equal to

zero. Therefore the bound states in ferromagnets with spin

S = 1/2 have to be investigated in some other representation.

We shall use in this paper the Bosa representation of the spin

operators J 4 J but we shall give also the results of the Dy-

sons and Marumori "s representation. •

.

2. WAVE FUNCTIONS AND ENERGIES OF BOUND STATES
' ' "•

In the analysis of the bound states of two spins in

Eose representation it is enough to use the formulae from j 4 j

in tha following approximation:

to - (2)

The Hamiltonian of Heisenberg ferromagnet with spin 8=1/2

in Bose representation (2) and with nearest neighbour approxima

tion has the form

(3)

H - E.+ t V ^

where

.
'**'*"'>•

T *• *

N - tha number of atoms in the crystal

\S ~ the number of dimensions of the crystal

M - the magnetic moment of the atom

^ ~ the.external magnetic field

X̂ - the vector connecting the nearest neighbours

X - the exchange integral for the nearest neighbours.
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The wave function describing the systera with two boson

excitations is

e. -T̂  ^,1**

The equation determining "the coefficients

Z /V

fV/hr*TP> P =s ^F -— ^~\ W i l > _ , i - t 2 U— • • ? ~™ O

(4)

is the difference of the bound state

energy and the energy of the excited state)can be reduced to

9sa- °̂ r;
-X (5)

After the Fourier transformation in (5)

-+ ^"^where Ô  , ̂ are the wave vectors, we o?>tain the hoinoge

nous Frednolra's eqxiation with degenerate kernel:

var >fx . , 4

"—09 OV

where T ' r
In the further treatment v;e shall confine ourselves

to the onedimensional case when the solutions can be given ex

plicitly. The equation (7) has the nontrivial solutions for

(8)

and the corresponding wave functions are respectively
A

(9)



£
E-E, <VV

v/here (10) is obtained under the assumption that only the nea-

rest neighbours are coupled.

In this way we have shown that the state (9) with two

bosons bound at one lattice point is undiserrable ( E. = O )

or unphysical, as it is often called. The energy E.~ has

been obtained also by the other autors jl, 2, 3J but in the way

described in Introduction. Here we get this result in the compli

•fady regular manner.
.

•
. i-

3. THE COMPARASION WITH THE RESULTS OF OTHER.

BOSE REPRESENTATIONS
-a

/Analogous calculation with Dyson's representation of

the spin operators

gives the same result for the bound state energy

but the wave function contains the "mixtures" of the unphysical

states describing two bosons bound at one lattice point, i.e.

it is incorrect:
"

(12)
\\ & ~\̂ ̂- ̂t c t

It is easily to show that this incorrectness in the wave function

decreases the transition probability from the bound to free states
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under the influence of the external periodical magnetic field

for about 33% (see details in ).

From the Marumori "s representation of the spin operators

(13)

one obtaines the following values for the bound state energy:

H. = i_ A ", E~= <2j •& — v̂~3I (^\. —=r ̂ vvv "«"')

We see that the unphysical state with two bosons bound at one

lattice point becomes observable in this representation ( EL^^t O )

and this is physically nonsence because it is clear that for spin

S = 1/2 two bosons bound at one lattice point create the same

physical situation as in the case when that point is hot excited.

4. CONCLUSION

>- •

It is shown in this paper that the problem of the bound

states in ferromagnet with spin S = 1/2 can not be investiga-

ted in the spin-operator picture but only in the boson represen-

tation of the spin operators. The only correct result is obtaina-

ble by means of the exact boson representation j 4 j. Dyson's

representation gives good values for the energy but incorredt

wave function while in the Maruraori "s representations we get an

additional observable level which has no physical sence.

.
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TWO-BOSON BOUND STATES IN I-IEISENBERG FERROMAGNST

* *** **
D.Ciric" , B.S.Tosid , J.B.Vujaklija , and R.B.Zakula

Boris /.iclric Institute of Unclear Sciences - B-^ograd

1. Introduction

•

- .

The problem of the bound states in the Heisenberg fer-

rotnagnet with spin S = 1/2 has been considered recently in /!/

by the same authors. The reasons to do this analysis were the

following:

First/ for spin S = 1/2, the equation describing the

bound states of two spins could be formed in an arbitrary way

owing to the fact that the all set of states Ŝ  S+j 0 >

(jnj = 0,1,2...N) is equal to zero; e.g. the corresponding coef-
.

ficients in the wave function describing the bound states may

havQ the arbitrary values. This difficulty can be removed only

by introducing some additional assumptions (this question is pre-

sented in details in /2/) what, by itself, itieans that the prob-

lem can not be resolved in a selfconsistent way.

Second, since the problem of the bound states is exac-

tly soluble, we used it to test the adequacy of the different

boson representation (Dyson, Marunori).

* A
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The results obtained in /!/ show that the exact

boson representation of the spin operators and the repre-

sentation of Dyson give the same values for the bound state's

energy but the different wave functions. It has to be point-

ed out that the twoboson's states and not the twomagnon's

states in the boson representation were investigated in /!/

in terras of the exact boson representation (in order to re-

move any terminological misunderstanding we define the boson

4- -f-
states by the wave function I B"> = B 10> where B is the

operator creating Bose quasi-particle and the magnon states

by [S> * S \0> where s" is the spin creation operator).

Therefore, in this paper we want to investigate the two-

boson and two-magnon processes of the Heisenberg ferromagnet

in order to suggest the methods capable of giving the answer

to the question what is the nature of real elementary excita-

tions in ferromagnets: are they rnagnons or bosons.

2 • The Energies and theT_Wav_e Functions of the Tuo-Boson

Bound States in the HoiBenberg Ferromagnet

The spin operator representation of the Kamiltonian

of the isotropic Heisenberg ferromagnet of a simple cubic

structure has the following form in the nearest neighbour

reresentation:

•*vx

(2.1)



where

N - N

W:

V :

the number of atoms in the crystal

the nuir.bsr of the dimensions of the crystal
»
s: the vector connecting the nearest neighbours

I : the exchange integral for the nearest neighbours

the external magnetic field

H
4- X

the magnetic moment of the atom ; S- =» S-» +

spin operators satisfying the relations:

t^fc

i the

v* J

(2.2)

« o
Since we intend to analyse the bouncl states of two

bosons we hava to replace the spin operators in (2.1) by the

Bose. operators, using the exact Rose representation of the

spin operators given in /3/. In the case of the low tempera-

tures it is enoxigh to take tha following effective boson

representation of tha spin operators:

C ̂ b- ~

*\»

rt-g

S

'^"-^-^ '

(2.3)

^SK, STOV <^>±.
S



where

(2.4)

In this paper wa shall consider the case S>i/2.

Wa shall sea later that all results which will be obtained

for S">l/2 contain the results of /!/ as a lir.it when S ~» 1/2

After the substitution of (2.3) into (2.1) we get

the effective boson Hamilton! an in a following form:

\\

(2.5)

The wave function describing twoboson processes in

the crystal is of the form:

(2.6)

where the coefficients A£ •» define the probability for twoi ,g
•* •»

bosons to appear at tho lattice* points f and g. The coef-

ficients A-? * are symmetrical, A* •• = A-» *. The vacuum state
i,y *• f 9 y»*

is denoted by I 0 "> .

If E^ is .the total energy of a system with two bo-

son excitations we obtain the following equation determining

the coefficients A? *.£ ,g

(2.7)
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which reduces to

(2.9)

T

After Fourier transformation

A (2.10)

and v/ith new coordinates and .momenta in the center of macs

system

.
- » - • • » -»
f - g « r Q

f 4- g <= 2 R

Kl + K2

2 g = K - K
-̂  »-• (2.11)

one obtains from (2.9) the integral equation with degenerate

kernel

(2.12)

The functions given by

(2.13)



satisfy, due to the symmstricity of the coefficients AT? •»,

the relation

(2.14)

which we used in (2.9) and (2.12).
. '

If the energy Z in different from tha energy of two

free boson vavas

6 = £,A ~ H

wa can divide (2.12) with E-O and look for the solutions

corresponding to S "> 0 , except E =» £, . By definition, these

solutions, if any exist, correspond to the bound states of

two bosons. In the further treatment we shall confine

ourselves to the one-dimensional case.

The transitions from the surnrns to integrals gives

the equation
- •

r^fo(

where

/ O 1 /- \)

The equation (2.15) has the nontrivial solutions if the da-
•

terminant D
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D

<* •A"

is equal to zero. This condition gives the bound state's

energy

'/t

(2.17)

This equation (of the third order in ̂ p ) is identical with

the equation (19.2.4) from /4/ defining the bound state's

energy of two magnons. Thus, there is no difference between

the bound state's energies of two bosons and two magnons. It

is easy to verify that this conclusion holds also in the

three-ciiirtensional case.

If v/e solve (2.15) under the condition D » 0, we

get for the ccafficients A,.

*•• (2.18)

In the nearest - neighbour approximation it follows from

(2.1C)

A -
(2.19)



2y substitution of (2, IS) into (2.6) and after the normali

zation we find that the bound state "s wave function is s

(2.20)

(2.21)

It has to b& pointuci cue that for S =• 1/2 the wave function

( 2 . 1 3 ) r^clucas to th- wave function (2.36) from /!/.

3 • -̂1?̂ ;1Z?.J!Hl£]:i9n ..2f tiro Bound State of two Hagnons

Tha wave fur;vjticr.\f the twomagnon state has in the

car,3 of spin S - 1/2 the folio;/ing form:

o.n

As It is r.,yell knoxm thi.r. function is by the rule normalized

to

,<2\> (3.2)

In the one-dimenaional case we get the following integral

aquation (sae /4/);



!

defining the furictions 5<

(3.3)

vmich figure in the plans-

-way a expansion of the coefficients Dfg

(3.4)

The function C(Q) is given by

vich

: onaition

(3.5)

?• 0.

i'h-3 onorn-i;--.? of the bound states are determined with

\
\

s-vco«s,<?-?a (3.6)

which

of

duc-'is to ^?ia o~u;;t.ion (2.17) confirming the identity

f the bov.nd ytat?* "s energies of two bosons and two magnons .

Replacing the cccff i cients NT 0(q) from (3.4) to

(3.3) we gat in. the nearest-neighbour approximation

Q,
(3.7)

Iiitrooucing ( 3 . 7 ) into (3.1) and normalizing according to



.

(3.2) vs obtain the bound .r?'::i\ wave function of two magnons
* f^.

in the form

(3.8)

By tho conpariiiscn o£ (3.8) ana (2,20) we see that the bound

state wava functions of two rr.agnoas and two bosons are dif-

ferent, we have to notice that Dyson's representation of the

r

c c-
(3.9)

r-V-

gives tho wave function of the bound states in the following

onh;

i^dentic&l wJ.th {3,8} , 7cr S ~ 1/2 (3.10) reduces to (3.20)

fxosn /!/„ Conccrnlag the xorĵ ula (3.8) , it reduces also to

{3.20} fro"n /I/, b-;t tiiero ,1s ̂n open question whathsr the
BJC \ /!

tara ^-S^lu^ has to bcs retainecl or rejected. As we knovgft for
.... y

S •- 1/2 CSf} " - C aad t:i^/c Is tb-% reason to reject this terra,
*** o

On the other h^na if we Log/.a ths considsration with (S f) «=0

tlia equdtloa dofi:*:;:.;j tlis ;, .,u^d states could not ba forced

e.g. ;orc-3d i;-> orda/; ho obtain this equation, to as-
™. •? i >.

su;a3 ta;,.t (3f) J O / p O u Thsrsfdna one is not able to say

ernythj.ii-j- d»ui'ir4iceiy abou;, the bound state wave fxmction of

two 1.1 ".gri •:. nr;.



Concluding this aec'tl^n --?e shall givi tho results

w-iich c~n bit obtained if we trc^t th-a bound states of two

.magncns In t.orn.T of the exact ocaoa repreaontation e.g. with

txlCi WsiVC X U; ifi G'C. j. O.Ti

Toy •*• 5 C3.il)

:rii3 analysis carried cut with {3.11} gives tli-3 Rarne

valua for the bound staie QT*."~.'•;;;/ (SKC (2,, 17}} and the •wava

function vvhica ii>jr in the onodirc.ensional case, of the fonu
«sr— ,/3» V * ?̂ -t r

I ̂ \ _A_ X.

3.12)

where

i
-ST.

w s s the wave f;-.1 action (3^ .12) j..r. diferc:;t i'rora

(3^3) -:nu (2.20). Orily for o ™ 1/2 it

(2. 35} frora /!/.

cea* as (2 ,20) , to

nted out In th^ Introduction th^- hc.

tr.o ri'"»d whafchsx* tr>o.rs is a



differences between th-3 nagnnn and boson twop article processes

in the ferromagnet. The jr^cr-von. and the boson vacuum as tha

on-epasrtlcls stafcos are ii{d«snt.lcal. In ths preceding two

sections it is shown th^t in ti.e problem of the bound states

(which i", l9t it ba mentioned c.ica tnofe, exactly solubla)

this difference reflects on the bound state's wave function

of two nagno-iS and two bosons „

,,MI evaluations which will be presented in this

paper# ar-;:; ciur.ciecl out for t.h™ onedinensional c.rystal lattlca,

because it is inpossiblo to g-,:t any r-^ult in the ca^c of the

threediFJ-ansional lattice wi*:V,c5vit conrn-ter. In this scree and

o.n thls': T.cval our considerations ars only of the acadenical

iapoirtanca. Bereave r, vrc consider ao esential to rsaolve the

question: what ia the physic:-:! rcnlity in th'i ferro^^gnetj

tha nagr r,--;-, or bc3on.s, r.ni to hr~ce the direction of the

further IriYsstlgations in crdor to got tha answer. Th-s wava

fuuctic~3 of t'--o bo?»o;;vrf and t\.'O iaagnons are different so it

is evident that this difference will play the important role

in some physioa?. processes* r.-;: in /!/ we ahull confino oursal-

VGS to t!--s pror :;^En of the tr^n^itlon from the; bound, to the

frea yr.av.os influ^iiced by th-~ external radiofraquent magnetic

field. The transitions probabilities -«vj,a.^ntly different due

to th3 s-/3.vs £;i;v;tlor;r. f '--;;. 11 he ^T3.1uat«d in both pictures,-

the ri^g,i^-:\o ':h^ bcsor» ov-9 ,

' , ' - , >, -^f 1 .— .-.*, ,-,,.!.,.«../> t. ~ - .... „,-.-,«,-,%., ,J •! J A, ^ „,:».'»s a»if?.Ji.x WG..I. - . .i ..'-IN •.,. / . pi CDilA.'i JLi T-ltia

(4.1)
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2.

(4.2)

where

i
(4.3)

and II F (sec /!/) :

IL (4.4)

0 C4
*V\.jj_ ]

(i)
c -O.p -V

where co are tha energies (tua field frequencies) and hi—7

(?)hi"1 {«) the field components in an energy representation.

To calculate v,u v/e have to use the formula (2.3) .
O

The details of the evaluation are identical to those presen

ted in /!/„ iier'D as in /!/, we ncsurae that h (o>) dGJ^aVUils

v/cakly an co , 30 v/e ;eis==r consio^r it as a constant. We obta-

ined for the transition probabilities the expressions:

o
( 4 .5 )

( 4 . 6 )



J.4

Since these probabilities nay be evaluated numerical-

ly, when it would, fca possible to measure them, wo could deci-

de, by UK-; cor.-;parair,cm of ths theory and experiment, which

is the correct one. This would give also the answer on the

question what-is tha physical reality in the ferromagnet: the

spin or th® boson fields.

Th^ra is no doubt thiit the corresponding result for

the threcu.i.uu-n.rr.xorial lattice, could be subjected to tha expe-

rimental verification. The procedure, presented here, can ba

simply applied to the thr©e-difrj®nsional lattica; unfortunately

it i;> not po,;thl3 to give the final results in tha closed

analiticnl i'orra but it: ia n 2 on rosary to tabulate thew with

help cf tho cor•.outsr ,

Th-a r:\tio W, /W,. h-3.r? br.cn found in. the casa of the
•D j>J

spin 3 •- 1/2 in /!/ (it was a-sv^cd that ScS7|0^ & Q e.g.

that the- spin wave function:? is i^fcientical to the wave funct-

ion in Dyson-Maijseffs representation). Here we shall give
3

tha values of this raiio for ™ ^•''2* ^ anc* as a

S->o»o I'hc roavslt ar-3 given in tue tabela:

w. 14S 103 90 68 54

r. ."it is c;oa one of the possible procas

sss in V:;:Q f-:-rror.:a-.j;;ct :u a l.cal: for tha question we acked.
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Evidently, this is not «. only onej probably there are the

other processes in which this difference could be greater

and more remarkable what t-rculd give us the better chancas

for the experir^ata.1 verification. This problem will tae tha

subject of oux rather investigations.

R e f e r e n c e s

/!/ D.IsL^lovie, B.S.l'oSic, J.B,Vxjjiakilj|a and R.B.2akulaj
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/4/ A«I»Ahieser» V.G.Barjahtar and S,V.Pelstminsky;
"The f'pin Vs.^as", Mosccvf 1.967 p. 185 (in Russian)



SUMMARY

In this paper tha two-boson and two-magnon processes

in the Heisenb^rq f error, r.gnet with the arbitrary value of spin

are considered„ It ic. found that for the same energies the bo-

und state's v?avs functions of two magnons and two bosons are

different„ On the basi", of this there is given the criterium

which could give the answer what really exists in the ferrorna-

gnoti the boson or the nagnon excitations.

• *.
,-
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Glava treca

Matematicki aspekti egzaktne bozonske reprezentacije spinskih

operatora

U prve £ve glave ove teze detaljno su analizirane dinamicke

karakteristike Heisenberg-ovog feromagneta sa spinoin S= -* ,

procesi u feromagnetu uklg'ucujuci Bose kondenzaciju, zatim ve-
_

zana starg'a i procesi u kojina vezana stanja ucestvuju0 Zajed-

nicko za ove analize jeste koriscenje egzaktne bozonske rep-

re zentacije spinskih operatora, a osnovna intencija je bila

da se uoce vrline /i mane/ kog'e novi f orcmlizain sobom nosi =

Pri torn je narocita paznja bila upravljena na fizicku stranu

problemao Prirodno je, stoga, da, se, posle uspesnih rezultata

novog bozonskog formaliznia u feromagnetizumu ' ' '' neli-

nearnoj optici *' ^ * i drugira oblastima, posvetimo nekira

cisto matematickim aspektima egzektne bozonske reprezentacije

spinskih opera tora0

Kao stc je poznato Pauli operatori _ koji kreiragu od-

nosno anihiliraju elementarne ekscitacije u kristalu

sledece komutacione relacije:



Koinutacione relacige /3.1/ nisu invarijantne pri prelazu

iz prostora direktne u prostor reeiprocne resetke a pored

toga Pauli operator! nemaju definisanu statistiku sto pos-

tavlja izuzetne matematicke problems u cilju izbegaVaajo gre-

-saka u radu sa ovim operatorimao Zbog toga je uobicajen

prelazak na operatore Bose ill Fermi tipa koji se tran-

sformisu kanonicki a imaju odredema statistiku00 prednostiina

i nedostacina "bozonskih reprezentacija poznatih u litera-

turi "bilo Je reci u prvoj glavi te cemo se ovde pozabaviti

egzaktnim "bozonskora reprezentacijom spinskih operatora<,

Egzaktnu "bozonsku reprezentaciju Pauli operator! razvili su
O

Agrom.vic i Tosic baveci se probleminia nelinearne optike,

posavsi od zahteva da razvoj za Pauli operatore po Bose ope-

ratorima zadovolgava koiautacione relacije /3«1/0 Ona glasi:

Sb

- A /5.2b/

gde oe:

Kako se

v;

i •
\e u Pauli Hainiltonianima teorije mag-

netizr.a i neimearno optike prirodno se namece pitanje hermitici-

teta ovih Hamiltonijana prepisanih u egzaktnoj bozonskoj

Ovag problem resen je u radu ' koji je prilozen u ovoj glavi

na sledeci nacin: Dokazano je da je A. pozitivno Seini - de-



finitan operator u celon prostoru bozonskih s . ,„ .̂.,
T N'

na taj nacin sto <je pokazano da su svojstvene .osti
/̂ >

operatora A-» nenegativni brojevi, Ovo je pak dovolono

da HaniiltonioaniJTcojima figirrise \ ̂ budu hermitskio

^
•**

svojstveni problem A/> glasi:

/3.V

Operatorl \'̂ moze se napisati na sledeci nacin;

/3.5/

gde
•
B-> B* predstavljja operator populacije koji de

lujuci na \vw> daje sultiplikator n . „ Na taj nacin iniamo

w

p 1 !".,._-')y,», w, D
i

svojstvene vrednosti od A a = -^ \ (j

=u jedrake nuli za neparno n-» "̂ za parno n



J\Ta osnovu ovog moze se dokazati, da su svojstvene vrednosti
±r"(_ ~ \ / + v-^ ^'

operatora / S:—li_ (i2~ \ , kon'i takode figu.rise u pome-

^dy^^f) ̂nutin Haffliltonijanima, nula ili jedan, jer:

r*1 v-
V'}', -

zbog \ > — sledi

T

/3.7X

/3.8/

tag je pokazano da svogstvena vrednost(^-), z komponente

spina /3=2b/ S 7* odgovara bozonskim stanjima sa parniin

jem bozona aQ- -K \a sa neparnim brojem bozo? ia»

Matematickirn jezikom, spektar S!» je u egzaktnoj bozonskoj

slici deeenerisan.
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Proof of Hermiticity of the Pauli Hamiltonian in Exact Bose Representation

By
B. S. TOSld (a) and J. B. VUJAKLIJA (b)

In the quantum theory of magnetism, nonlinear optics, and ferroelectricity the

exact Bose representation (1) of the Pauli operators is often used. In private com-

munications, the authors of the paper (1) were often asked the question on the pos-
A ((*f^"« / Q \i£ 1̂  j£

itive semi-definitness of the operator A = / -r r~B B and consequently

on the hermiticity of iA which figures in the Pauli Hamiltonians of the mentioned

theories, written in the exact Bose representation. For the reason of the rigorous

mathematical foundation of the theory it is necessai-y to answer this question. In

this short note we shall prove that A is a positive semi-definite operator.

It is enough to prove that the eigenvalues of A are positive numbers or zero in

whole space of boson states. The eigenvalue problem of A can be written as follows:

A | n > = a n l n > , (D

where j n)> denotes the state with n bosons at-one lattice point. We have to dem-

onstrate that a ^ 0.n
The proof can be given directly or by the use of the method of mathematical in-

+k k
duction. Here we shall solve the eigenvalue problem (1). Operator B B may be

•
written in the form

,k k
(2)B+ B = N(N - 1) (N - k + 1) ,

where N = B B is the population operator which gives the multiplicator n acting on

the state
00

(-2)

. So we have
k k k k



K114 physica status solidi (b) 45

n + 1
(-2)

m-1

n + 1

-(n <- l)n ..,[{»+ I) - m* l]

n-i-1 - m |n>

m = l

n i-l

(3)

e.g. the eigenvalues a = 2 1 -(-1) j (n +- 1) are equal to zero for an odd n

and (n -t- 1) for an even n.

In the paper (1), it is quoted also, without rigorous proof that the only eigen-

values of the operator
k = 0 '

B B which figures in the Hamiltonians

mentioned above, are zero and one. On the basis of the above proof we have

"£r~ 2^k ik+1 k + 1
^l^W* B ) n > = B + A B | n >
k=0 v

(4)

Due to B | 0 y = 0 it follows for n = 0

oo k k + l k + 1
B I (5)

k =
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Z A K L J U C A K

U predlozenoj disertaciji testirana js na problemim® kventne

teorige magnetizma, po mom misljergu uspesno,. e.gzaktna bozon-

ska reprezentacija spinskih operatora,

Rezultati koji su izlozeni u tezi pokazuju da novi prilaz

pored metodoloskih prednosti dovodi do drugacije fizicke pred-

stave. o elenentarnini ekscitacijama u fero magnetu=Naime,u

prvoj glavi je pokazano da su elementarne ekscitacije dobro

opisane pomocu bozona koji riectutin inaju populacioni broj

koji se razlikuje od standardnog obllka0

U ovoj je glavi takode formulisana niskoteinperaturna

teorija Bose kondenzacije u idealnom £eromagnetu sa spinom

S=l/2.

U drugoj glavi trasiran ge pravac buduceg eksperimentalnog

i teorijskog istrazivanja prirode elementarnili ekscitacija u

fero magnetu,

Treca glava inicira strozije inatematicko formulisanje

egzaktne bozonske reprezentacije spinskih operatora=

Definitivan sud o vrednosti rezultata i neto.de dace

medutim i pored nesumnjivih. pozitivnih. indikacija eksperiinen-

talna i teorijska istrazivnja koja su u toku.
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