Fy-26

UNIVERZILTET U NOVOM.SAD

PRIRODNO-MATEMATICKI FAKULTET

Jovan B. Vujaklija
PRIMENA NOVOG BOZONSKOG FORMALIZMA
U NEKIM PROBLEMIMA KVANTNE TEORIJE

GVRSTOG STANJI?

- doktorska disertacija -

NOVI SAD
Maj 1972

U

.



Prijatna mi je duZnost da se zahvalim zolegama iz
Laboratorije zc teorijsku fiziku Instituva za nuklearne
nauke "Boris Kidrid¢" u Vindi i kolegama iz Zavoda za fi-
ziku i matematiku i Prirodno matematickog fakulteta u
Novom Sadu,za prijatnu i stimulativiau atmosferu u toku

rada na tezi.

Takode »elim da se zahvalim dr.Zvonku Mariéu,visSem
naudnom saradniku Instituta za fiziku u Beogradu i ’r.
Slobodanu Cariéu,Séfu Katedre za fiziku Prirodno-mate-
matidkog fakulteta u Novom Sadu, za razumevanje,pomoé¢ i

intereso™ :nje za moje naudno usavrsavanje.

Posebno Selim da se najsrdadnije zzhvalim dr. Brati-
slavu ToSiéu, docentu PMF uNovom Sadu, koji me je uveo
u prcbleme kvantne teorijé dvrstog stanja. Kao pravi
mentor, dr. Bratislav ToS$i¢ veé nekoliko godina nesebi-
dno i plemenito wula¥e veliki trud da osposobi za naucni
rad &itavu Skolu mladih teorijskih fizidara. Drago mi je
da ovom prilikom mogu da mu se najtoplije zahvalim za
veliku pomoé i prijgtgiJSfVD koje je u toku zajednidkog

rada ispoljio.

Jd. Vujaklija




I.
2.

5.

SADRZAJ

et
UVOD _ 1
DINAMICKE KARAKTERISTIKE HEISENBERG-CVOG
TLROMAGNETA SA SFINOM S=1/2 NA NISKIW
TEMEERATURAMA
a. Razlozi, ciljevi i metodi &

b. Rezultati 8
c. Analiza termodinamickih karakteristika
Heisenberg-ovog feromagneta sa spinom S=1/2
pri niskim temperaturama [ ko cux*vifzﬁ 14
d. Teorija Bose koxdenzacije u Heisenberg-

ovom feromagnetu na niskim temperaturama 25
( dsp. Qa-xh, ]

VEZANA STANJA U HEISENBERG-OVOM FEBOMAGNETU

a. Razlozi, ciljevi i metodi 48
b. Rezultati 51
¢c. Problem vezanih stanja u Helsenberg-ovom
feronagnetu ea fs&gtnom §-];2?‘/5r-' 24 N ]\ 55
d. Dvobozonska vezana stanja u Heisenberg-
ovom feromagnetu [ #w ~L4g&7 ek, ) 76

MATEMATICKI ASPEKTT EGZAKTNE BOZONSKE REPRE-
ZENTACIJE SPINSKIH OPERATORA 92
a. Dokaz hermitieiteta Pauli-Hamiltonijana

u egzaktnoj bozo&gk%%;sllc1 BB, CAOT L [E5 96

P

ZAKLIUGAK : 98

o



UvVOoD

U ovoj disertaciji bice ispitan i primenjen novi bozonski
formalizam za analizu nelineafnih efekata u kristalima, poznat
pod imenom egzaktna bozonska reprezentacija spinskih operatora.
Ciavni cilj teze je da se ova reprezentacija testira na proble-
mima kvantne teorije magnetizma. U tom cilju izabrana su neka
pitanja kao reprezenti tri grupe problema. Prva ukljuduje pro=
bleme koji su ranije uspeSno razmatrani pomoéu drugih formali-
zama / takav je problem niskotemperaturske analize Héisenberg
-ovog feromagneta sa spinom 1/2 /,ili probleme koji su analizi-
rani nedov§ljno korektno / kao npr. problem vezanih stanja u
Heisenberg-ovom feromagnetu/. PoSto je ove probleme uglavnom
moguée egzaktno reSiti, Nelin da ispitan da 1i’se ponoééu novog
formalizma dobijaju poznati rezultati, i ujedno utvrdim, porede-
njem sa ranijim prilazima,njegove metodoloSke prednosti i nedo-
statke.

Druga grupa obuhvata probleme na kojima se radi u svetu i
koji su zato aktuelni /kao Sto je problem Bose kondenzacije u
Heisenberg-ovom feromagnetu sa spinom 1/2 /. Konadnu reé o
rezultatima i vrednosti novog metoda daée u ovom sludaju,kao i
u nekim drugim problemima koji su razmatrani u grupi dr. B.To-
Siéa u kojoj radim,sam eksperiment.

Treéa grupa obuhvata matematidke probleme u vezi sa egzakt-
nom bozonskom reprezentacijom spinskih operatora.U disertaciji
¢e biti razmotren problem hermiticiteta Pauli-Hamiltonijana u

egzaktnoj bozonskoj reprezentaciji.




Teza je podeljena na tri glave.

U prvoj glavi razmatraju se dinamidke karakteristike Heisen-
berg-ovog feromagneta sa spinom 3= 1/2. na niskim temperatura-
ma.Ovo ukljuduje izradunavanje spektra elementarnih eksitacija
kao i teoriju gose kondenzacije u feromagnetu.

U drugoj glavi‘;feé&fg se probler vezanih stanja u Heisenberg
Zovom feromagnetu,a u treéoj se egzaxtno dokazuje da su Pauli
Hamiltonijani wu egzaktnoj bozonskoj slici hermitski.

Na kraju teze dat je zakljucdak koji sumira glavne rezultate

i procenjuje vrednost razvijenih metocda,



Glava prvs

Dinamicke karskteristike Heisenberg-ovog feromeagneta sz spinom

i e
S=§- nz niskim tempereturama.

A, Razlozi, ciljevi i metodi

Teorijski opis feromegnetnih osobina materije je jedan od onih
probleme koji veé skoro dve veka kontinuirano zaokupljaju paZ-
nju fizicara. Ni kvantna fizika zato nije mogla da mimoide ovaj
problem. Njen najprostiji model za opisivanje feromegnetizma jes-
te Heisenberg-ov izotropni model u kome se polazi od ideje izmene
kao fundementalne osobine onih interakcija u kristalu koje defi-

nisu njegova energijska stanjs.

Hemiltonijan ovog modela sadr¥i spinske operatore atoma koji,
medutim, neﬁaju ni bozonske, ni fermionske komutacione relacije,
b2 se kao prvi problem pri igzradunavanju termodinamidkih velidi-
na pojavljuje problem izbora statistike. Pored toga u kvantno -
mehanickim izradunavanjima veoma &esto Je potrebno preéi iz pros-
tora direktne u prostor reciprodne resetke, a komutacione relaci-
Je za spinske operatore nisu invdrijante u odnosu na odgovarajuclu
Fourier-ovu transformaciju, Sto moZe da prouzrokuje gresku koju
Je nemoguée kontrolisati. Zaoto Je neophodno da se spinski opera-
tori izraze preko operstors koji se transformidu kanonilki i imaju
odredenu statistiku i u impulsnom prostoru. Kao Sto je poznato to

su Bose j Fermi operatori.

“
ReSenje problems inicirano je pionirskim radom Bloch-z.Y On Je
pokazzo dz elementarne ekscitacije u odnosu na osnovno stanje Hei-

senberg-ovog feromegneta /u kojem su spinovi svih atoma ‘'gore'/
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Jesu stanja s2 po jednim spinom suprotne orijentacije i da su
ovakva stanja funkcije talasnog vektore k. Predpostavlja-
Juéi da spinski - --+-- keko je nazveo ove elementarne ekscita-

cije, formiraju ges neinteragujuéih Bose &estica energije sroz-

merne sa k° zs malo k=|k| , Bloch je zakljudio da magneti-
“T3/2l

zacija opada se temperaturom po zakonu. Medutim sa po-
rastom temperature poveéave se broj ekscitiranih spinskih talzsa,
a time i verovatnoéa za interakeciju spinskih talasa. Matematicki,
Bloch je spinske operatore predstavio preko bozonskih pomoéu
linearne, harmoniske aproksimacije, te se zato efekti interak-

cije elementarnih ekscitacija oznadavaju kao nelineerni ili an-

hermonijski.
Prvi pokusaj analize nelinearnih efekata uéinjen je od strane
Holstein-a u Primakoff—a2) /B-F/ koji su spinske operatore pred-

stavili pomoéu Eggpns%}? i analizirali ekvivalentni EQEQEEEE sis—
tem. Ako se u spinskom Hamiltonijanu samo &lanovi drugog reda po
operatorima kreacije S™ odnosno anihilacije S spinskog talass
izraze pomoéu H-P formula, tada se pored kvadratnih &lanova po
Bose operatorima dobijaju i &lanovi vifeg reda. Ovi su &lanovi
posledica razlike u komutacionim relacijema za spinske i bozonske

=
operatore /razlike u kinematici spinskih i Bose-operatora/ te se

e
odgovarajuéi deo Hamiltonijanz naziva kinematidkim. Sli¢no, bo-
zonske clanove istog reda /viSeg od drugog/ keo spinski od kojih
nastaju u Bloch-ovoj oproklimeeiji, nazivemo dinami¢kim, e dodatne
bozonske Clanove jos viSeg reds dinamidko-kinematidnim.
Istrazivanje nelinearnih efekat:s koji su posebno vazZzni u okolini

temperature prelaza, zahteva poznavanje tednih izraza za Hemilto-

nijene kinematicke i dinamidko-kinematidke interckcije. =-P rep-
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rezentacija, medutim, moZe da se koristi jedino na dovoljno
riskim temperaturama, tj. za niske koncentracije elementarnih
ekscitacija kada su nelinearni efekti zanemarljivi. Ovo je
posledica ¢injenice da su spinske komutacione relacije u ovoj
reprezentaciji zadovoljene samo u onom delu Hilbert-ovog pro-
stora koji se sastoji od bozonskih vektora stanja ¢iji /bozon-
ski/ populacioni broj N ne prelazi 28 /S efektivni spin ato-
ma/. GreSka pri kori¥éenju N-P reprezentacije dolazi bad od
doprinosa takozvanih "nefizikih" stanja sa N> 2Skoji su tim

veéi Sto je temperatura prelaza veda.

Problem korektnog opisa ;iharmonijskih efekata Jje dalje resa-
van od strane niza asutora koji su na razlidite nadine dobi-
Jali rezlicite popravke za magnetizaciju 3) ali je fundamen-

talnu teoriju razvio tek Dyson 4),

Pomocéu dostaglcraznog matematidkog aparata on je uspeo da po-
kaZe da su doprinosi koji termodinamidkim velidinama dolaze

od kinematicke interakcije /a odgovaraju procesima rasejanja
.

o

spinskih talasa, jednog na drugom/ reda < * 7T /gde je

T, - temperatura prelaza, a - konstanta reda jedinice,

T - temperatura feromagneta/, dok je za popravku najniZeg

reda koju daje dinamiéka interakcija dobio T4° Kako je Dyson-
ova procedura korektna moZe se reéi da je njegova reprezenta-
cija, mada nehermitska, efektivno dobray jer bi ¢lanovi, koji
bi je dopunili tako da postane herontska dali popravke koje od-

govaraju procesima sudara tri elementarne ekscitacije na jed-

nom ¢vVoru.
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Dyson-ovi ¢&lanci nisu, medutim, oznadili i kraj reda na ovom
problemu. Buduéi da je njegovo reSenje korektno, napori su
koncentrisani na pokuSaje da se Dyson-ovi rezultati dobija-
Ju neposredno sa spinskim operatorima, Sto je uspelo, ali

5)

samo o spin S >~% y Tahir Kheli-,; i der-Haar-u -

S jedne strane, postoje radovi6) u kojima se dobija pozitiv-
na korekcija reda T3 u izrazu za magnetizéc;ju, dok je u dru-
gima7) metodom spinskih Green-ovih funkcija dobijen Dyson-ov
rezultat ali bez ubedljivog dokaza da je dekuplovanje sis-
tema Green-ovih funkcija, na osnovu kojeg je rezultat dobi-

Jjen, zaista korektno.

Iz ovih razloga mi smo postavili za zadatak da pokaZemo da se
Dyson-ovi rezultati za zakon disperzije i magnetizaciju Hei-
senberg-ovog feromagneta sa spisnom S=‘-:;" dobijaju automatski,
bez dodatnih dokaza koji zahteveiu glomazni matematidki aparat
/kao kod Dysona/, ako se koristi egzgina bozonska reprezentaci-
ja Agranovicda i Toéiéas) . Pored éisto metodolqékih prednosti
cele procedure koje se odituju u saZetosti i elegenciji kao i
moguénosti da lako kontrolife tadnost epraksimacija, novi me-
tod ima zz posledicu drugadiju fiziéku sliku procesa u fero-

magnetu kao Sto ée biti izloZeno u odeljku B ove glave.

Drugi problem koji je u ovoj tezi razmotren jeste problem Rosge

kondenzacije u Heisenberg-owem feromagnetu sa s=insm S= %

Ovaj protilem predstavlja prirodnu ekstenziju problema neli-
- nearnih efekata u feromagnetu i to u jednom specijalnom slucéaju
tJj. kada je feromagnet pod tekvim uslovima da je Bose kondenza-

. cija verovatna.



Cilj je da se i na ovom problemu testipa egzgktna bozonska
reprezentacija Agranovida i ToZiéa, tj. da se pomoéu nje
ispitaju termodinamicke karakteristike feromagneta u uslc-

vima Bose kondenzije.

Zbog toga je neophodno da se prvo proanaliziraju moguéi pro-
cesi na & - potencijalu kako za feromagnet u jakom tako i 2za
feromagnet u slabom magnetnom polju, a zatim detaljno istra-

zi spektar elementarnih ekscitgcija feromagneta i to u oba

slucaje.

U oba rada pril ‘Zena u ovoj glavi koriSéena je tehnika (Creen-—

ovih funkcija, u pivem standardna tehnika, a u drugom tehnika
9)

koju je za sisteme 2za kondenzatom razredio Beljajev’’ .




B. Rezultsii
U prvom radulO}, priloZenom u ovoj glavi razvijen Jje jedan
novi metod niskotemperaturske analize termodinamidkih karak-

teristika feromagneta sa spinom S= koja se sastoji u

2
=
sledeéem:
1. Heisenberg-ove jednaline kretanja koje definifu Crsen-ovu
=" , - .
funkciju sistema <& ZD;&OH S:;;-.&U ) > postavljene
su odmah u impulsnom prostoru buduéi da je energija elemen-

tarnih ekscitacija odredena polom Grzen-ove funkecije

- =% '
6%( Bj=K b‘;;«\ &-& koja predstavlja energij-

sko - vremenski Fourier-ov transform prve funkcije.

2. PoSto se epinski operatori ne transformifu kanonidki pri
prelazu iz prostora direktne u prostor reciprodne resetke, Sto
implicira opasnost unoSenja greSaka fkoje je nemoguée kontro-
lisati ) u sve fizidke rezultate, spinski operatori su predstav-
ljeni pomolu egzaktne bozonske reprezentacije spinskih operato-
ra pe je dalja analiza vrSena pomoéu Bose operatora. Treba jos
napomenuti je primenjena procedura dekuplovanja Green-ovih

funkcija sistema mnogo opStija od uobidajene.

5. Dobijeni spektar elementarnih ekscitacijald» formula/ 2.24//:

A P CRE RS
Y
gde je: Csar"r“«*'é

rs— magnetni moment atoma

M~ spoljainje magnetno polje

= » _l_ — i 1
'3° BE o integral izmene 1.3/
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i magnetizacija Haisenberg-ovog fe-

romagneta sa spinom S= % /formula /3.5//
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u potpunosti se poklapaju sa poznatim Dyson-ovim rezultatima4),

Na ovaj naé¢in razvijena je metoda koja, za razliku od Dyson-

4 - . N o . -
ove ) y nema potrebe za "komplikovanom matematickom maSinerijom"

neophodnom da se dokaZe da procesi sudara dveju ekscitacija na
Jednom ¢voru daju eksponcijalno male doprinose svim termodi-
namic¢kim velidinama, jer nova metoda, buduéi da ovo inkorpori-
ra, automatski vodi korektnim rezultatima. Kako je ceo postupak,

koji ne traZi nikakve dodatne dokaze, mnogo "¢istiji", jednostav-
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niji i konsistentiji, ¢injenicu da su dobijeni Dyson-ovi re-
zultati smatramo kao veoma znacajnu za ispravnost samog metoda.

4, Medutim, novi metod, razvijen u radulO)

, implicira, kako Jje
to utvrdeno, sasvim novi opis fizickih procesa u feromagnetu:
Elementarne ekscitacije u idealnom feromagnetu dobro su opisa-
ne pomoéu bozonskih kvazicestica koje medutim, za razliku od

predasnjih priloza, interaguju tako da je njihov populacioni

brojlm /formula /2.28 //
- -\
< s = 3 E\Q,\\ﬁ( ) \.\#L“-) &C,\':‘ %%\-—\_3 \&3 \

. i s 8/
veéi nego kod sistema neinteragujuéih bozong /1;5/ Izmena sta-
tistike bozonskih kvazicestica usled njihovih interakcija pos-
ledica je, u krajnjoj liniji, razvijenog metoda &ija je bitna
tacka koriSéenje egzaktne bozonske reprezentacije. Obzirom na
to da je ecgzaktna bozonska reprezentacija dala dobre rezultate
u nelinearnoj optici 11), teoriji supraprovodlglvost112/ 3.
omoguéila gener31123013u Bogoljubovljevog metoda pribliZne dru-
ge kvantizacije 13) kaooaa daje korektne rezultate u feromagne—

loy, 14} feroelektricitetul5)

tizmu , nas je zakljucak da moramo
imati poverenja u sve §to ova reprezentacija, u okvirima korektno
razvijenog i primenjenog metoda, implicira, bar sve datle dok ona

ili njene posledice ne budu osporene eksperimentom.

Prednost razvijenog metoda, pored matematicke jednostawvnosti i
fizidke konsistentnosti, predstavlja takode moguénost da se pre-
cizno kontrolife tadnost koriséenih aproksimacija. Svi rezultati

taéni su do na ¢lanove proporcionalne kvadratu koncentracije nein-
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teragujué¢ih bozona kao 3to je to utvrdeno u samom 6lankul°) é

Problemi koji su razmatrani u drugom radul6) priloZenom u
ovoj glavi prirodno se nadovezuju na dosadaSnja razmatranja.

Rezime tih istraZivanja predstavljaju sledeéi zakljudei:

5. Posavs8i od bozonskog ekvivalenta Pauli - Hamiltonijana
Heisenberg-ovog feromagneta izvrSena je analiza moguéih pro-
cesa na © - potencijalu kako u sluc¢aju kada se feromagnet na-
lazi u jakom spoljasnjem magnetnom polju tako i za slabo mag-
netno polje. Primenom teorije rasejanja na g —potencijalul7)
pokazano je da Bose kondenzacija kao statistidka fluktuacija
trajanja reda t<IlO_ s /dok je vreme potrebno da se dostigne
termodinamiéka ravnoteZa, usled procesa rasejanja kvazicestica,
reda tc‘-10-8-10—105 / predstavlija u sludaju jakih magnetnih
polja deminantan proces. U sludaju slabih polja u feromagnetu
se, prema nasoj teoriji, odigravaju dva konkurentna procesa:
kondenzacija i slepljivanje dva bozona u novu kvazidesticu ko-
ja ima dimenzije mnogo veée od dimenzije inicijalnih bozcLs

i koja je zato lokalizovana. Posledica ovog je da zakon disper-
zije koji odgovara ovim novim kvazidesticams ne zavisi od talas—
nog broja lﬁl odnosno da je populacioni broj a s njim i dop-

rinosi termodinamickim velidinama srazmerni sa exp (_0%%§§)°

Na ovaj nadin je potvrden Dyson-ov rezultat da procesi raseja-
nja kvazidestica u Heisenberg-ovon feromagnetu u slabom mag-
netnom polju daju pri niskim temperaturama eksponencijalno male

doprinose.

6. Analiza spektra elementarnih ekscitacija u feromagnetu izvrSena
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Je pomoéu tehnike Grinovih funkeija koju je, za sisteme sa
kondenzatom, ragzvio Beljajevg) - Cela procedura Je detaljno iz-
loZena u radu:ﬁ), a rezultati su sledeéi: U slucaju jakog po-
1da ako je intenzitet talasnog vektora |%.| nekondenzovanih bo-
zona mnogo manji od kvadratnog korena ig koncentracije kon-

denzovanih bozona ™., » Spektar linearno zavisi od‘&thgo, do-

16
bijamo "akustidni" zakon disperzije ) /formula /3.15/:

E(R) - p R = \Tp |k
N,
Cg:(&,dl T +) }rn, L N\oz—_—N— /1.9/
No = broj bozona u kondenzatu

N - broj atoma u kristalu

Ovo se moglo i o8ekivati Jer kada je talasni broj mali, bag

kao kod zvuénih talasa, svi bozoni su rraktiéno u kondenzatu.

Ao je pak |V | N \4‘7;?0 dobija se uobiSajeni kvadratni za-
kon disperzije:

551 R 1.10

I;k ‘V> O E .‘-‘w-vl / /
Kao Sto smo veé pomenuli, u sludaju slabog polja procesu konden—
zacije konkuriSc proces vezivanja dva bozona na Jjednom &voru u
novu kvazicesticu. Oﬁaj broces se odvija istom brzinom kao kon-
denzacija pa formiranje kondenzazate nije vise tako sigurno kao
u slucaju jakih magnetnih polja. Ako se, irsk, predpostavi da se
kondenzat formira dobija se, uz odbacivanje svih grafova koji
odgovaraju pojavi dva bozona na jednom &voru /jer oni daju ekspo-
nencijalno male doprinose termodinamidkim velilinama/ interesan-

tan rezultat: spektar elementarnih ekscitacija i magnetizacija
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feromagneta poklapaju se sa dobro poznatim Dyson-ovim formu-
lama /1.1/ odnosno /1.7/. Prema tome, za slaba magnetna polja

~ osnovni rezultati ne zavise od egzistencije kondenzata.
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1. INTRCDUCTION
he main problen of the theoretical description of an ideal
ferromagnet is how to include correctly the effects of the inte-
raction ﬁetwocn the elementary cxcitations. As it was mentioned in
[l] s thc proulnm wes considered by many authors obtaining diffe-
rent resulte in the various trecatments..ln the papers 1 2] the
fundamentsl the ory set by Dyson.

The erucial point of Dyson’s theory, as it turned out, is the
proof that the processes in the forronagnet arising from the col-
lisions of two excitations at one lattice point /the scatbering ’
of two gpin waves, one nt Lhe other/ give the contributions pro-
portional to exp(- 539~E to 2ll thermodynamical characteris-
tics of the ferromagnct. That is the reason why these processes
may be ncglected at the low temperatures.

In this paper, hcn¥:; it will be demonstrated how the Dyson’s
rosults for the enerpy spectrun and magnetization of an ideal fer-

Qd

ronagnct vith spin 8 = %  ors obtainable in a straightforwvard

ot

wvay without the additionsl procfs demanding the complicated mathe-



atical machinery if one uses the exact boson representation
of the spin operators fron [3]. The whole procedure is carried
out in a more congist_cnt vay due to the fact that the represen
tation [#] is the exact oud the hermitic one. Besides, this is
the only representation ennbling us to control eapily the exa-
she approvwination. As it will be seen in the conclu~
sion of thig prper, if we consider only tvo-particle procecsses

y
in a gysten the obtained rcoults sre exuet up to T ;

2. TIF INCLGY SPECTLUM OF EIMTNTARY EXCITATIONS IN A FERRO-
14.CIES VITH EITECTIVE., SPIN 8 w %

The spin oparator representation of a simple cubic erystal

has th~ followinp forn in the nearest~-neighbours approxinationd

H=He A"?_:Ge?' ) * By az“(—'é'n)&'gmg) &

L em

whenoe

, \
HO" "aN[«HXK/‘%;NBO A= [‘\% T A
N ~ the nurber of atons in the crystal,
t« - the moonetic nonent of en aton,

™, - the cxteornal mpognetic field,

T ~ the crchange intepral for the nearest neighbours,

—,
‘A - the vaebtor connactirg the neerest neighbours and
F o=t 2 © epin icfying th t
5,5, =0, tvim, ~ Lhe spin operators potisfying the cormutbta-
N M ¥y



R, FARG,
S = e 3
Kr»’zﬁ(’(‘:‘@ o /2.2/
- % =
b%'h‘a\ "“

Since the reletions /2.2/ do not transform cannonically under
the Tourior tronsformation, we shall use the exact boson rep-

resentation of the epin cpcrators fron [ ] :

e Vv
& R _= 2a) 4+ VA ¥
S—. Q ) _:) b \e‘ -:‘ AD%—&°€+V,.(£)’_V_V> b& ' (3.,5)
vy Yaq

In th: lou-tenmpcrature snalysis of the forromegnet which has
to e accuratc up to the order of OTH sy it is enough, as we

Vake into zccount only the two-particle procesees

[
f—
b
b
)

B
o~
(e

in the cquivalent boson eratoen. Thorefore, we may uce the appro=-

ormvlee fellowing frem /2.7

I“
(o}
D
[ =

T L % R LS YD

After the Iourier truncformations of /2.8/ we get:
d-.: _,,-—L_’ > 3 b ‘. e
F A ¢ -

IT wo introduce /2.5/ inte /2.1/ it folloms:

H=H.,+ny s Wy (e
-V ) Babe (&7

S
— M \
T CarEie N B B By B gk, (8

K).(‘.\!S\‘J
A
Vom A Sy 23 P e Bg 42 (2.3
— - > . > “Dra Y D il A ‘q 1
\\ NegEa TR N My NS RS
it e A
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The coefficient E-\;fﬁ—-‘gSR in the quadratic psrt /2.7/ of

the Hamiltonian /2.6/ expresses Bloch's dispersion low. Due to

the different commutation relations of the spin and boson ope-

rators we have the term of the kinematicel interaction Ha' while
114" corresponds to the dyrnamical intersction.

In order to find the energy spectrum of elementary excita-
tions in the system defined by /2.6/ we shall use the well-known
methoc’?oﬁ time-temperature Green's functions developed in(4S. The
energy E of the clementary cxcitations has to be found as
the pole of the Green's function

&R( BEl=<& &;:\,"\9‘;\7(>> (2..\0)

representing the Fourier transform of the Green's function
«&;a\(’o)\%—q('\? )Y . Deriving the function K(AM)\BX)D of arguments

t and t/ we get after the time-energy Feurier transformations,

respectively:
ECAIBY = LC(ADD + <A RN (2ing)
E<<A\b>>-—{:-.;_<(A.bx>—<< Al H1> D)

where &, B are the arbitrary operators, H - the Hamiltonian
of the system, while E represents its energy.

On acecount of the formulse /2.5/-/2.12/ we obtain the follo-
wing set of eguations:

E - A+ L 0K 5= (\—as E: (3

Rk v R,

VgD e Daoa) € BeDe Pz a) Sy »

\
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. 7 0O
S e (0) < /)'-"\’ 3 \ T > 3> -8 ";'_‘ % \P'*- ? \b + - -
kE - t‘R \< .\)"\bvq:‘br‘_";:&‘_ﬂg /'.(‘ Y a\, . \ .\)R-f)ﬁ ‘>°L R;\"‘n KQ*)

(z19)

and ED& iz defined Ly /2.5/.The mean value in /2.15/ is eva-
using the Poanmiltonicn /2.7/. It hac to be pointed out

thet in the correlators of Creents.funetions /2.13/7 and /2.14/

rroportionoel to the shuare and hicher orders of C

If ve combine /2.13/ and /2.18/ we gets

T < \ : .
PR y S ——— 3 = > - ~ §
4+ e ..,{:.".'. s E—Efi)(‘sﬁf‘i\-ﬁg th 3“_\&‘ BK‘—R >Q:3ﬁ Z- :‘%
WV Ry "

SRR, P -» e \J (2 i3
w3, 3"“:""“') BN & \"\v:)"\«{‘jﬁwh-w‘\ bs‘.’w\ -K.,‘bq b;{» .28 \6

Using 1 3% dhroicn o o eon decouple Groen's functions
in /2.16/ in the follcwinz ways
% e
(D) Bg, 5 507 Pp» = <Wg el w Q%{ $§ 2) ()
<\ b\_{\b\ﬂ-\-‘iﬂ-z;)in ‘t {

+ G|
<<b‘.z§f»y b{,“’(; \\1 > = KW )§ {> ‘—‘ (%§ %{n-&) C 6)
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% bi;b%z.b‘{ T3 b**a; wé’&b‘i? ﬁQ;ZE%? <&%b?f S

T i ey e O

vhere
o
= i & 3
Va=< D » (&2
1f we introduce /2.17/~/2.20/ inte /2.16/ it follows:
( (s) % F’? ‘——7 (\ 340“'"\35") (t .
E-E9)(1-zo) ~ —3= | T=X = Jog ik ez
i El-= E-E R E-E% ’
h;\-

2= W 3 Oxrdy Jag RYB bR, ()

tfter & siuple c‘,lsu.é_::u:o;:, in vhich we neglect the square
and hirhow orders cf €, the eguation /2.21/ reduces tot

©)

A D (\ A e (&)
R E.-E“&

oy

) +
E=A-LTy, +——) (‘3 m% ‘3 DQ<\’;> >, <&
% [ ,
O o 2 M2
Ve can mub F_., in the term GG —————3- ~ O\ A ————s\&
cen mMav I CIN W -
of the csusntion /2.:5/ since the diffcrernce between E‘& and

EU') vould preduce ia the corvelators of Green's functions

-3
M ~
only tho terms proportionsl to Clp=C™ alreedy neglected.
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This holds in all complex plane execpt in the wioinity of a
pole where the Green's function has no sence at all. Thus the

final capreession we get for Green's function 1o

T R ' (&.om)
Wit R Q) _ -
E= S
The cncrgy spectrum of elementary excitations is dofined @B

o pole of the boseon Grecnts function /2.25/:
— o) ,
R o i - (&2g)

and thus we conelude that the olomﬂntary excitations with the

(e

digpersion law /2.2G/ are Losong. The speetral intensity of (.

oo - e\ \"\.‘ & O o 28) |
QAR B KT = - T >(\E Ea ()
(—,-‘o\".".:‘__\ )

is nocesnory in order to find the population number of bosons:

A o
s = L5t e -
B N%‘\Sw.a.w)c\ﬁ
@ £ R

PR 5 ¢
g"/ 5 KW

2 el ) . (229)
Ue fir’ no paradox in this 1ceult since, as it is well known
{ X, /3.29/ 30 valid orly in n coce of e system of nonin-

teracting booons.fio, our conclusion i -thet boson naoture of the



«7 mnbary exeitotions is establiched by /2.25/, but their

interaeticns causc the statistics defined by /2.28/.

%e THE ITGHIEDQIZATION OF 2 HUISHEUBERG FERRCHMAGHET VITH SFIN Salé
Due to /2.4/ it followa Zor the nognetization the formula:

(o \-&<D P =\- a,<?;>b>+a,<b ;b; A e

Dy the voe of the Uick's theoreme the last term in /3.1/ can be

tronsforned in the following vny

g - Rt S l e T o
< \ b b_x “)"3‘/ IQ< b&3&>0> ( e‘/

" G AT L A
Q’/},f e i}:(&, =] | (3.4)

Dy the uvousl procedure it follows from /2.26/ and /3.4/ the
Tfinal c:mression {or the mornetization:

" A 572 3

. ) A b e R 7
G,,Q:\—c,%»,&w 5 Ay (*JT g )T 10 ) (»2
b %

# (%) o . SR\ R I L)
C = 7, vy { N \.___ ¥i

¢ | o (s
L { 1 to $hz result of Tyoon.



As for the approximations we used in the ealeulations of
eetion 2. and 7., we can cay that the tomms rroportional to
C* wexe noglecte ce theoe would give the corrections of the

order G- what is evident from the formmula /2.28/ for

If we add in the Honiltonicn the cixth~order terms deseribing
the thrco-partiele precesscs /i.c. the terms of the type B ’BB/;U@
reculting Green®s function wovld be of the type <<E’3‘233/5>>
i.c. the leading texn in 1ts corvelator would be proporticnal

to C°. The nuthenctical proef of this statement is elenentary
but rathon todious.

4, GUNCIUGION

In coneclusion we rmphazize the followings

a/ The niothoé we cdeveloprd in this paper suffers neither
fron any 5:Cr-ci,t,ucw,, iiherent to the previous approaches nor
it is pothema! inall Ly ccnplieatsd. * M

b/ 25 o final conucquence of this now epproach the completely

~

ture of the elenertary excitations in the forro-

L
i
=
A
:.;‘
b4
Ja
o

nagnet ardges ccecording to vwhich the dl.enentary czcitetions reall:-
exioting in the ferronagnet are bosons intcracting between them in
ruch & vy o incrcass the ropuletion caonpared to the system of
roninterccting bosons. This is quite contrary to the opinions usn-
elly esccopted that thoe mogpons ore not Done partieles but have the |
statistice of » cwsten of ponint erseting Loeons.

Alco In this papcer the following methodological innovstions
‘

¢/ The lcv teaperature annlycis of the ferronagnet was cariied
out in teiwvs ol the exaet bozon representation of spin operators.
¢/ e slosted fronm the Moniltonien and spin operators written

ir pomendam space and need the dicoupling procedure /2.17/-/2.19/




- 1o -~ \

nore gencral than the usuesl onc [41 .

¢/ The rccults of Dycon arecenffirmed but in the qualiteti-

vely now picture expleinced sbove.

)
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The cnergy spectrun end the maguetization of Hedsenberg
ferromugnet with epin S='%- are evaluated in terms of the
ewact boson represcntatior of the spin e % « In order to
get the CGreente funciion of the eystem the nonstendard treat-
rent wne uced in vhich Heisanberg cquations of motion are

L

irmediotelly sob in nomentun space. As a final conseguence
of this eprronch the new physical picture of the ferromagnet
pricens cecording to which the renl clementary excitations aro

-

Looons bub with the statictiecal formula different fron the

ctandaxd cae.




THe LOW TEMPERALMNARE THEOZY OGF BULL CONDRELADIOR IB
HEISENBERG FERROMAGHET wITH SPIN 5=~‘€
by
iHod ¢ wAAINJAR
Uepartment of Phyaics niversity of .ovi .ad, ovi S5ad,Yuzoslavia,

BB JTOSI0
epartment of -hysics imiversity of “ovi Sad,liovi sad,fugoslavia
and
Boris Kidril¢ Institute of Nuclear Sciences,Beograd,iuzoslavia
and
JeBe VUJAKLIJA

Departnent of ‘hysics University of liovi .Jad,liovi sad,Yugosiavia.

1,IHZRODUCTION
“he possibility of Bose condensation in a guasiparticle sys—
tem has been investignted in a nunber of sajers [\-—Gl published
during the last ten years.’ne main conclusion of theuse éapers is
that Bose conden.ation is srobable if the time ’po for che sys=
ter to achieve the state of thermodynamical equilibriun (due to
the quasiparticle collisions ) is shorter than the quasijarticle

~% -t =

life~time t‘ euince '\’aczc\,mv where 0u~\6’&c-—. is the nmagnon’

- \& %C
size, ™M ~\C ~1\O -the masnon concentration in crystal per
: > bR ;
Q‘\v\:\b { this follows from the Bloch’'s ."‘T“ law ot low tempera-
@
tures ) and A\ ~\o = ~-the magnorn velocity,it follows that

& -\0 ;
-0 5 sUn the other

the value of tt is of the order \S

hand the ex .eriments \:'ﬂ ;ive for the masnon life-time the value
- !

'b% o~ AT s (for The trong xXternal magnetic fields),i.e, at

the low temperatures the condiition for the exiuvience of tue cone=

densat is fulfilled,

P
=



-r,
‘--

The Dose condensation will be conskdered in this paper ac a
statictical flucbuation cccuring in the time intcrvallo'e'adk \555
«ithout the relevant experimental facts it seems to us that noe
thing definitively can ne gaid for the case of the stable ther=
modynanical states. he experinental investigations of DBose cone
deasation considered as a statistical flactuation can be exemined
in the czystal 2xoosed to the ncubtron beam of high intensity,The
measurenente have to be perfor::d just after (in the interval of
" tine omallicr ithan Kfézs ) the transition of neutrons through
the erystal,

The primory aim of This puver is to investigate the energy
spectrunt of elcucntary exeitotions in the ferromagnet in which
Bose conicnoation occurs,iherefore tiue possible processces in the
ferroagnet are analyscd in the scecond seetion where we shall
demongtrate thal the sealterinz of gquosipartiocles is to take pla=-
ce doninantly in the cazse of the strong externél nagnetig fieclds
vhile 1in the focrromaziel in the weak maznetic fields the binding
of two bogors into the aow localized quasiparticle appears %o be

the concurent procesz to that of the seattering.

berg lervomagnet is invsstigated in details in the third part of
thad papex using thc Green’s Tunetions method.The main result of
this seaetion ig thalt (if {the dintensity of the wave vector t. is
sn=1l compazed to “he sguire root of the concentration ™y of the
condensed Losons) the dispersion law depends linearly on \T;\ whi.
le for “@\>W, Wwe obtein th. dispersion law depending on \mz
<he posoible p ocecuses in the ferromagnet under the weak mag-
netic ficld awe dicedsced in the fourth section.uince the contri-
butions couinrsg Zront © ¢ processes of binding of two bouons at one

lattice peint cre ox oncntially small at the low temperatures,the



-3~

digpersion law ond the nagnetization of the ferromagnet appeared

to be given by the well-hnown Dyson’s foraulac,

2, O THE PROCLSHLS AT % - QT SHTIAL
The rauli reoresentation of the Hamiltonian of the itlelsenberg
ferromagnet with spin S= -:,: and simple cubie lattice has the

folleowing fornm

L Pl Ly TR 3
H'\‘\e"’im 4 A zgg—zv;p&pm aa.}%%‘:npmpw'lm G9

=une magnetic nonent of an atom,

Vi N N s -
"W, ~the cxtermal maguetic f£leld,

(=} vy
[ -3e ZCnengse 1nsce ral
-

-’r
%w:ﬂ ng -ih2 Pavli coperators satisfying the following commu-

tation velationcs

L PO A T
(Y = (Ra Y=o
L P Bz )= P P -
L.=c o L~V

Ny

(2.3

where L,., is the ecigen-valuc of the operator P_, > e
W, w

. -



A
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T

oinee the Fouscier srancfar

s,

sh:ll use the oxact boson o)

.ation of the ‘aull operators
and does not conserve the commubtation relations (Qﬁb)

resentation of the

At the low tenperatures it is enouzh to take into account the
tvo=boson processes cnly:

+* ' e L * ) T,

= -~ ’D — o “ . = & s 7 )

R SXs Db =B R R R bg,b.«z (bz) (b;.')

(twi) and (2.3) wve obsain the boson Homiltonian of the

ABQ S ‘" e, D
wvaeres
S % Ls T B B
H = A 2"‘ b b »._“'-D“ e~ - D > \—);:y s
=g i el ey y
AC?G\, ¥y il > ~ y vy i
A A
B o5 By B B0
He ==322 2%a “n T mm
' O oy
N 4+ 4
¥*CL = E‘%Z~:'~1a;+ ;%g‘ E;ﬁt%ﬁ;‘ =3
& A oy
D W S5
— e % « - _.30—. &,
b} R
. -7+
H o =i i, O ot
D hﬁ‘,m NV Yy Ny NVay N\-v v
HQ ’ HQ and. \-—\$ hive Yo be accounted for the kinematical
i‘oDh_bu:)l of el=unentary excitations while kﬁl) corregaponds
to the dynonieccl int >tion,In further calculations with *%
\
¥ﬁ 5 = /0 11 us ¢ Boun apuroxination bccauac
e, D
these tex axc co posxdl of The yotentials of the Born’s t,pe.

2

vie

Pauli OperatorJtH]

=4




Starting Pyowm the sencral Jheory of I.M,Lifsic {61 » LOnobeev

and Dubovsli} [9} deduced tne following fornula for the % -D0

tential scattering 1 naths

; \
FORL)-2 — ol
- §r St

where:

-’Lh\, lattice constan Ty

(o
‘s — __

=the exchange integral for the nearest neighbours,

x{, ~the moximal valus of the wov

ne woave vc:to.i- in the first Brillouin

1bed out that (Rao) repre

sents the corresponding
formuda from the paper t‘i_\

ad-pled for the ferromagnet wheve

we tale as the reilue.d nass of two magnons the value

\

M‘\l = 2 - (a-\a
Xe)
At the lovw temporatures only the ezeitations having the small vae

lucs of \‘rq\ €xiot in the ferronagnet, so (3..\0\ can be reduced to:

@)
L e Caye (ess
[ K ‘
Therefore for the strong external marnetic fieclds Q'\“> .L.) we have

foxr the scattering lenzth Lr¢ m( \‘3) the following value: L

S R

Ly




Thus we conclude thal theve iz the scabtering of quasiparticles
at 'ﬁS -poterntial in tuis casge,

If wve do t e standard transition in ¥%% ( sce,for exampleDﬁ

U B -t se Bhh, @

P 2 BT - Mt > Py et lqﬂﬁf% o~

it follows from (2.7), (2.13), (B.14) and (2.15):

H,\z-— \_\_Z% ’\)D b QQ.\Q:

—

1.Go YﬂQ; desecribes the repulsion of bosons,
for the snall external fields whem rﬁy&éi:i. (this includes
also "3’\, =Q ) the formula (1’.-.\5) gives:

i 2,47
B N

l.e. the smallest distance of two quasiparticles is much lar;er

than the ﬁ.w;“)§k le size,in fact,this neans that there was no
scattering at one lattice puint (because in the cases when the
scattering tales place ithe wcatiering lenghth is of the oxrder
of the quasinarticle size)but the binding of two bosons into tho
new guasivriicle having the size nuch larger than the sgize of the
initial quasipriticles i.o.\<§¢vw +oince this quasiparticle has
the lepze sise we can conclude that it is localized (see elso (8])
and thurefoxe it%s disperusion law does not depend on e; practi=-
11L1y. e corgcnponﬁii: %Opu’”oLOn nunber of these guasiparticles
v
is pro oftional to Gf”TF?— »30 Jhe contributions coming from the-
8e quasivorticles are very small at tie lovw temperatures what is
the well=imoun result of Dyson,..t has to mentioned thﬁt Vﬁb‘aieo

leads o fthe binding of Lwo bosons at one lattice point while‘%c



—r{“
and ¥i:3 describe the gcattering of two bosong,

20 conclude tThis ceetlon ve enphasize the following:in strong

o
(:\

external nugnetic fields at lov temperatures and in short time
intervals only the scatiering of bosons occurs in the ferronagnet,
while in the case of woealk fiolds;besides scattering,there is the
binding of two bosons at ohe lattice point into a new,strogly

localized queainarticle,

2e THE EHERGY OSPICTRUIL 07 218 FURROUAGHET UNDESR TIL-S' SLRCHG
LARERUADL HAGHLLIC PIULD

The nethos of analysis of the elementary excitations energy
gpectrun in tho quasiparticle system in which the condensat is
formed hias bacn develosed by Bcljaev(‘ﬂ oVe shall aoply herc
the Belyacv s tehmigie of Gre~n’; functlons in order to find the
encrgy spectyun o elenentary excitations in the ferromagnet when
in it € e Boue coudﬂns:tiow takes place,

Bose. operatox ¥5_ can be decomposed in a following way:

;av
E e \’\) o> *‘-\’De (5‘>
v Qrn v
wirire covraesponds o the bosons which arxe in the conden-

Sy
sat and have the zero-nomnentun while kgﬂ; corresponds to bosouns

hoving ron=nero onentun. e formier bosons will be ealled the con-

densed onea and the ond the latter the subcondensed ones,The planc

wave exnansion of the ooevator E )
r'@""

\ ' v R}y

45" < (™»2)

5 | N
TR~ I (»3)

Bogoliubov haas shovn that the opcratcra‘boz; slightly differ




from nuubers,i.c.

[ “%—q ,EQ::-.\ i T\\\_ N

‘

Th

o
N
o
l*‘:
J
@

ne eisenvalucs of the operators &303 and ‘°¢=
\
@ - @0 \iN—- (™. CHN

where No 15 the murber of bosons in the condensed state.lhe

separation of Dose opcratora Et}ﬁ: into a pair of Bose operators

ci
-
7

sinply -ceflectc the fae aztually have the mixture of two inter-
acting subsyosicus.
The fellouing :rocesses have to be teken into account when one

-
n

calculaics the energy cocctiun of elemcntary excltations in 8 sys-

tem wita the condeoased stutesthe scattering of noncondensed bosons,
the amnmihilation of two comdcns 4 bosons with the Shmultgnepus cre-
ation of two nonconaensed bosons and the inverse process also,
These processss will be deseribed by the Green’s functionsdgwﬁhb ’
N N2 NN
G B ang &R s reopectively.The cowplete descrip-
tion of the systen vith the condensat is given by the set of equ-
gtions dofiniig GN'F".'") sl S N Ft{){ only,which is
resresented on FPig.l.The symbol qﬁﬁgﬁ} denotes the Green’
function of noncomisnsed bosons, —— cepresents the
Green’s function of free bosons (noncondensed also) and “

- e -1

is the freen’s funciion apperalcg due <o interactions between

noncondenucd and condenscd bosons.lhe vertex 1V|"K‘;)== cor=-
red onds wo Ve siatecring of tac roacondensed bosons and to the

seatiesii oy of uanconuwcens=d doucns abt tae condensed ones.The vertex

h4 (ﬁ;> g% desesibes He croation of w0 nongcondensed bo-
Qe

-~



-
gons with the ziaultongous anniailation of two condensed ones,and
Mm,. (Vy):. is o bo accounted for the inverse process.The
value \ﬁ'i, has to be joinsd to the each line /l/ +The
Green’s function —~— ig pgiven in the case of ferromagnet
by

A i T oy
O - él\m\ A+ Ne

waere

Cad =B e r\'}@

T
N.= M (—M_ (o) |

The anzlybiecal expression cf the equations from Fig.l. is the fol-

N e BT e S ) ATR) - N
" eo- /\@1)\ =Rl R - A+ M B M)

.3

| N N+ Y\/\QL(‘ZB
[eo- AT ST s @adam, BM %)

where

2R =5 | MU+ M R

| 25
A = @y §




B

L R : .
The energy Ei(ﬁ%) of eleomontory &xcitations (defined as a pole

of the beth Green’s funetions) is given as a solution of the fol-

loving equation:

Teo- AT TIR )2 '+ M By MBy=0 ool

It is neceeazcary now to caleulate the vertex parts “ﬁn(‘z) b4t°(ﬁo
and “\OQU‘;«) «7hie praphs dcsceribing the procesaes‘4n the sys=
ten are given on Fig.. and Fig.3.I1t must be pointed oufkthat the
grophs describe the f£irst order proc"sses only.the black‘bQint on
te Yig.2. cenotes %5 ~ potential while the wave line corréSponds
to the otontial tLKREQ . he sraphs contairing condensed boinn
linos only are not exzplicitely siven on Fige.2. but their contri-
butions ore talken into aczouni on the 7ige.2. b, help of the lugen-
hole~ incs thenrcone (ooe Do,eMV)icecording to this theoreme every
Sraph gontaininz co¥iznscd lines only is equal to the sum of all
posaible grephs obliained fron it by lhe su5¥33ution of pairs of
condenued lirzca by the szirs of the noncondensed oneserhe graphs
(/\3 Q\C3 (A ,.} Q\\J vhiech contain the full linecs on=-
1y ecovresonding o moncondensed bosons,are evaluated by a stan-
dord “chnirue on Ciz.%. in the first order perturbation.the bro-
ken 1ines on TiZ.’. cocraspord Lo the mean value of the number of

noncondensed hosona ond,conseauently,they should be replaced by

i8 it vas polni-d outb (“33 tne higher order graphs give the
) . 4 =
conteibutions peosor-iv al cilther o ™. or to M0y ’

and due to Lhe snll concenbratiors &L, and M\ these contri-

butions nay be neslozbads




Aeecoxding To Sizse £ ani 3, one obtains the following expres-

sions fcr the vertex ports:

M, (E)= (BT 05 U ) A E Tt
("a.\z,:
M uo(ms“‘Mou Ktﬂ = Oy, (Lm - r:),‘s

Uoing (@40) ana (342) e hove evaluated - Ng  from (».7) and
o# . .
';"D(‘m) and P\K&) sron (9.3) . ihe encegy of elementory excitati-

o

ons in the ferronamet with Sogse condensat as 1t follows from

is:

E@)= M+ [ Soiffeach] - o Gons

| - A5 LG e
X (k)= @Ten et N?;; 0y 3+ 0,-1 R-‘Zﬂ n
Qm o (Nl v &A(\nc

»he Lodun opectru: undey Lhe conditions of condensation sa-
tisflcos the Goligtone Luzerem: because vhen ‘Vz,\“c then the

3y EQ )»;«y\ 10Xy E@?z,) depends linearly on “;,\ wher
\Va. <<\Y_ﬂo sies uoaiparticles have the "ac_oustic" dispersion

laweThe veloeity of this "ma:mon sound? is given by:

J:QH = Ja W TLQD \Q\ (319)

=

Un the other hald,vwhen \k\}ﬁo 9 it follows from (’b,\'b) the quad
ratic disvuraion Luaw E\Q\‘:uwﬁ +'A§JI\.Q\W % Y- such dispersion
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law which we have in the casco when the condensat does not exist,

4o THi BHEAGY S-wCIRUM 02 Tile FYRIOMAGHSDT UND.LR THE WEAK
(AGHEDTIC FPISLD

Two procesces toke nlace simubtansously with the equal veloci-
tics in the ferremagnet in tie weak magnetic fields:the scattering
of free bosons end the binding of two bogsons when they apusear at
the same lattice soint.. he time 1%. in which the ferromagnet ache
ieves The staie of the thoermodynanical equilibriunvYlife-time v of
free bosoru arve of the same oruer of nmajnitude and therefore Lhe
appearance of She condenced st olo docs not geem to be sureyas in
the case of the strong cxterral magnetic fields..ie shall assunme,
'houcvcr,:nat Lneze is tae condongat in the ferromagnet,but all the
graoag containing Lwo incuming verdex lines {thoze are the .graphs -
(AQ-(AWQ on Fige2 ) hilsi covweashond to ihe appearance of two boe
sons at the sone latitier point will be rejected since these graphs

give exponentiolly swall corcectlons to the thermodynamical cha=

o)

it was pointed out in Section2. The

racveristics of the systum,a
evaluction of the verte: varts ucing the graphs Q\n)-ckkbfrod
{

Figeds (and cormespordiry grachse from F1g:5,) giveas

~ frese ) ‘_'_‘—. . ' = - B!
M, (W)= =2 M«z(%*t\z A B-@,Z

M, (&)=0 \\ﬁ’d\on'\z/)= Mo(Bm D)

oad .

%&Q\)if\j\" \Q_:q) 7\&‘;\<O y "/\o:"\\f‘\,‘ﬂoy“f\’\ao(o =10 Q,e'>
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The eneryy asnceirum,obtained from C‘b.\o) e

E(®)=2r|f st~ L ’g;:“?@ *35 —De- DQ:’> (L‘z;

is i&enblbul %o the well-known cispersion law of Dyson[l&]

"‘hc magnetizaticn is given by \
- + - Lok
b= 1-a<FL > (ke

or using the exact Joso ropresentation of Pauli operators (C.S),by

b=l ~2< B> eXHL bbb Lo

The last term in (Li ‘:)) nas Lo be rejected since 1t,a3 tne graph:‘:.
(A) (A. ),uu--ua onds Lo the wopeacance of two bosons at one lattic
;)ol.lf:.nu,ua...@ uenily,sives the exponentially small corrections,
iz »4,1_';:;\17;):;‘;:1'0;11.:: in

b= \-2 < B.5.> | (be

) s wres YA,
the mean value

2 A U

wT
CB b, 7=y Bl o i (hy
&~ 5’ ;
it Tollows tue Lyson’s formula for ne ‘netizztiong

o2 (7 - T T - S g 0T - 68 (af7 1067
15/?'
(L!.c'

- ¥3 ¥ — t(\.J....—-——
(=T Pe ™ = e
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megnet are valid independerily off the presence of the condensat

if the ferrowagnet is in the weak external magnetic field,
i® ]

De COHCLULION

The possible prozcsases in the ferromaznet with spin ED*=%5

are in details investiatod in this pancr.Jt was found that Bose

condensation is probable if

AE rem A2 2 < rv 3 rtes 3 ¥a
wagnetic fiold,Conciderin

; ; P ; - A ~5
ctuation of a lifo-.inn approxinately \Q "

| &)

(8 2 -~ M - b e v} tae
wave wvector intenslioy

enesgy specirum 0. elementary e

ferromannet is in the strong external

& voce condensation as a statistical flu-

it is cstablished
zeitations depending linearly or

if it is much smeller than

the squarve woot of concentrotion of the condensed bosons = W;; ’

wnil Lor “T;%J\ >>§:., it 1. found 1;:;9. quédra‘cic dispersion law,
It was shoun aluo that,bosides Dose condensation,the binding

of two boso s inbo & now,localized quasiparticle takcﬁ place in the

ferromasnet 1z it is placzed weak external magnetie ficld,

e s novon 53 e ki Ty e T e oy gy o .
It turned Ull-‘b’il'..a‘n"-:\«'.-‘i‘n—'l» 1y this

caasc the Dyson®s results hold

roravdless of 14a e By T
. OJ'.“.. MRS i LA DROGOICEe O b2

condensed siate,

in i case of atrong ma.

otle fields,in tine-intervals much

-5
longzer than VO = 4ize din ing of 4wo bosona into localized quagsi-

sarticle io possible also,so uhal,by the samse kind of reasoning as

Ve o
SR R e

in Gection 4, .¢ in thie Byson‘s results in this case also,

can
Naturaliy,only the evocriment can give the answer what really hape-

yens in the Lerropasmaet uwader he strons maznetic fields and in lon,

Yong time-intervals,i.e. which -rocoss is daomincmt : scattering
of Iree Lozornsg or ¢ icir binding into a loealized state,

et

&
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ABLSTRACY

In this paper ithe quasiparticle processes caused by % =poten=
tial are investigated in lieiscnberg ferromagnet with opin S= é;
it wvas found that in short time-intervals ( "t < \Q.s‘fo ) the
quasiparticle ascatterias nostly takes place if the ferrom'gnet is
nlaced in the strong exsghal maznetic field while for weék fields
'there is also boooh binding into a new loealized quasiparticle,
boge condensction hag been considered as a statistical fluectua

- 5. " A "& -5
tion of life=tine of tha order \O §<'\3<\05 «In case of strong

exterral Ticlds we found,using Belyaev’s Green’s functions tehni-
gue that the elenentary excitotions encrgy depends llneariy on

o -
wave veetor’s intensi_ty \En\ il \‘z\ is small compared to the
square root of the concentration ™M, of condensed bosonp.&or
\Y;\§§>f;1 ﬁa OUt;iuﬁu tic diapersion 1aw~dnpanding on \‘;\& .
It has been proved alco thabt if one assumes the Bose condcnsation
to take llucu in Terromagaet in weak -magnetic field (when there i
also boson binding into localizad quasipérticlea) 1t follows the

vell-knowvm Iyson’s formulae for the lieisenberg ferronagnet.



Glava druga
Vezana stanja u Heisenberg-ovonm feromagnetu.
A. Razlozi, ciljevi i metodi

Problem vezanih stanja u Heisenberg-ovom feromagnetu predstav-
1ja jedan od retkih problema wu teoriji feromagnetizma koji se
mo%e egzaktno refiti. Upravo iz tog razloga on Jje cesto odabiran -
kao test za valjanost raznih formaligama. U izucavanju ovog prob-
lema, medutim, ipak se nailazilo na teSkoée koje ée ovde biti
izloZene da bi se razumelo zbog Sega je Tad na ovom problemu

postao jedan od predmeta ove disertacije.

Kao Sto je dobro poznato dvomagnonska stanja u Heisenberg-ovom

feromagnetu definiSu se preko talasne funkcije.

S A %_.c.:)-.‘o> /2.1/
| e P
A 2 H
gde.AzS predstavlja ciplitudu verovatnoée da spinski operatori
S% i S% stvore, delujuéi na osnovno stanje‘*2=\0>»/u ko-

—-

Jem su svi spinovi "gore"/ spinove "dole" na mestima 1 3 a
u kristalnoj reSetci. Odmah primeéujemo da za spin S= %i ova
funkcija nema nikakvog smisla Jer je citav skup stanja
s{ S:‘; +0> =0 pa odgovarajuéi koeficijenti Ag+ mogu da imaju
proizvoljne vrednosti. I pored toga ova funkecija je bila ko-
riséena, od strane niza autora, u proceduri kojom se dobijaju

\

vrednosti energije za spin S=:-z . Pritom je, naravno, buduéi da



= W=

se svesno polazilo od neCega Sto nema smisla, bilo potrebno
da se kasrije, poSto se formira jednadina koja opisuje dvomag-

18)

nonska stanja, uéine ispravke, Bethe , ha primer, postavlja

dopunski uslov A1 - AJJ = Aij 31 /1,; ?anllZl susedi u
0

jednodimenzionalnoj reSetci/, dok Mattis smatra da treba

dopustiti definisanje nefizidkih aéﬁituda Aut‘ s 1 da ceo pos-
v

tupak odredivanja energije i talasne funkcije dvomagnonskog

stanja u sluéaju spina S= é; treba sprovesti kap za spin

S > %- kada nema pomenute tedkoée.

Glavna mana a ujedno i vrlina, ovih "reSenja" jeste njihova
heuristic¢nost. Dok Bethe ad hoc postavlja svoj uslov, Matfis
prelazi preko ove ozbiljne tefkoée jer u protivnom jednadina

koja opisuje dvomagnonska stanja ne bi mogla ni da se formira.

ldeja kojom ¢emo se mi rukovoditi u reSavanju ove teSkode jeste
da, poSto veé ima ozbiljnih indikacija da su elementarne eksci-
tacije u feromagnetu bozonskog karakteraloa’ % , kao funkciju

pobudenog stanja treba uzeti

N o= 3_' A*§ b» L‘D~ /2.2/
TS ;

- * - ~ - -
gde operatori B.t B% stvaraju Bose '"Cestice" na mestina

-

1 4 3 - Zatim treba, spinske operatore u Hamiltonijanu

izraziti pomoéu egzaktne bozonske reprezentacije spinskih ope-

8,1 i na¢i energiju i koeficijente AT- u talasnoj fun-
)

keiji stanja, a na kraju potraZiti procese u feromagnetu u kojima

ratora

ge ova razlika u prilazima jasno odituje ra fizidke rezultate.

Na ovaj nacin bi pored reSenja pomenute teSkoée bio eksplicitno
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at netod keji, u prirncipu, énjec ocdgover ne pitanje da 1li
su elenentarne ekscitacije u feromagnetu spinskog ili bo-

zonskog karaktera.

Ujedno, ovakav novi prilaz refava drugu hedkoéu koja se jav-
lja pri analizi pomoéu spinskih operatora, a koja se sastoji
u nekanonic¢nosti njihovih komutacionih relacija prilikom
Fourier-ove transformacije kojom se prelazi iz prostora di~
rektne u prostor reciprodne refetke. Nekanonidnost ove tran—
sformacije unosi, kao $to je veé naglaSeno u prvoj glavi,
moguénost pravljenja grefki koje Je nemoguée kontrolisati.
MeGutim, kao Sto je poznato, Fouricr-ova transformacija bo-
zonskih operatora odrZava njihove komutacione relacije pa

pri radu sa bozonskim operatorima ovaj problem ne postoji.

U analizi problema vezanih stanja koristiéemo pored egzaRtne
bozonske reprezentacije spinskih operatora, i druge bozonske
reprezentacije /Dyson-ovuqk Marumori—jevueo)da bi detaljno
ispitali koja reprezentacija najadekvatnije opisuje vezana

stanja i procese u feromagnetu u koje su ona ukljudena.
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B. Rezultati

U radovima 21), 23}, 23) priloZenim u ovoj glavi dobijeni su

sledeéi rezultati:

32 Energije vezanih stanja dva bozona i dva magnona u Heisen-
berg-ovom feromagnetu sa spi nom S #~% su identiéne25)/for—

mula 2.1.7/ i definisane sa:

Lo ANE R =(6-A)E-VE R} /2
£

gde je: 'Q“ = < LA/&I [2:4
A = Qo&,%

E: energija vezanih stanja
., U - &3
A f*%*asi- /2.5/

K,: broj dimenzija kristala

Q¢ zbir impulsa bozona Q=la| = \ﬁg"*‘%‘

Za spin S= %- dobijene su energije vezanih stanja dva bozonaal)
/formule /2.20/ i ,2.26/
/2.6/

[T

.‘:O
c=aa-2l(1-te

ﬂ1
@

/2.7/

identiéne sa vrednostima koje su ranije dobijene za vezana
stanja dva magnona /na nadin koji Je kritikovan u prvom odeljku

ove glave/.
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2. Marumcri-jeva bozonska reprezentacija spinskih operatora
moze se okarakterisati kao neadekvatna jer daje dodatni
energijski nivo E= % koji ne moZe da se dobije pomo-
¢u drugih dvaju bozonskih reprezentacija. Naime, Marumcri
Yamamura i Tckanaga su predpostavili da je S; = 0 za sve
bozonske populacione brojeve veée od 28 pa je zbog ovog

neprirodnog uslova dobijena bozonska reprezentacija neadek-

vatna za opis feromagneta.

3. Izracdunata je talasna funkcija vezanog stanja dva bozonaea)
u jednodimenzionalnom kristalu i u aprokeimaciji najbliZih
suseda pomoéu Hamiltonijana u kojem su spinski operatori

predstavljeni preko bozonskih pomoéu egzektne bozonske rep-

rezentacijelq) A
Vi
S Z 3 . }
>E; Nr'éu =ha Lt ‘ﬁ? EDED *GE =
et { 4
"t Vh+2(s )E;Q | /2.,'é/
: =
gde je: GQSXL ,be = ‘CL&
'/" 5-\
L w W (B 5.9/
= ’\f B /2.10/

4. Takode je dobijena talasna funkcija vezanih stanja dva mag-
nona u Heisenberg-ovom Jednodimenzionalnom feromagnetu sa
spinom S= ? i u aproksimaciji najbliZih suseda25) H

SYRE S S
e S IESANNE L
123 =k g2 e+ \_@ w5, e 55 Wiy
g 1T Y TL Feo L
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Ove funkcije sadrze &lan S+S+ koji opisuje dva magnona na
Jednom &voru. U sludaju spina S =<% S;S;lo>r Jje identicki
ravno nuli pa bl to bio razlog da se ovaj ¢lan odbaci. Medu-
tim, ako se celo razmatranje poéne sa (S; )2 =0 tada nije mo-
guée formirati jednadinu koja definiSe vezana stanja u fero-
magnetu sa gpinom S = %» s Jer koefidijenti A; . mogu da budu
proizvoljni te smo zato prisiljeni, da bi uopSte mogli da raz-

matramo problem, da predpostavimo S}SL 10%-#£ ©O.

5. Pokazano Jje da Dysonéova reprezentacija daje dvobozonsku ta-
lasnu funkeciju vezanog stanja formalno identidnu sa talasnom

funkcijom vezanog stanja dva magnona /2.11/.:

12,> = =3 g ) Bt LB A
7o hr‘;\,| (?'Y'L S
* ; »g’ + + --l /2cl2/
- + % .
Lle'r e g re’ ey Yo

Ako se pak vezana stanja dva magnona u Heisenberg-ovom fero-
magnetu sa spinom S =~% tretiraju pomoéu egzaktne bozonske

reprezentacije dobija se talasna funkcija:

'\—QQ g SR, |
\an P-, b e Ke E?%ﬂ-re b?a \\o>
gde\je
7 = M
SL \—E0. /2.14/

koja se razlikuje od talasnih funkcija /2.8/ i /2.12/.
6. Kao test ispravnosti razliditih tzlasnih funkcija predloZen je

proces prelaska iz vezanih u slobodna stanja pod uticajem spo-
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ljasnjeg periodidnog magnetnog polja.

Za razne vrednosti spina S feromagneta tabelirane su23) vero-
vatnoée prelaza iz dvobzonskih vezanih stanja u slobodna bozon-
ska stanja i verovatnoée prelaza iz dvomagnonskih vezanih u

slobodna magnonska stanja u Jednodimenzionalnom sludaju.

Na taj nacin trasiran je pravac istrazivanja koje bi dalo bliZe
informacije o karakteru realnih elementarnih ekscitacija u fe-
romagnetu. Potrebno je, naime, izabrati i tretirati teorijski
pomo¢u bozonskog i spinskog formelizma takve dvocestidne procese.
u feromagnetu koje je moguée eksperimentalno utvrditi i meriti.

K2 taj nadin bi eksperiment definitivno odludio koji formalizam

najadekvatnije opisuje realne situacije i procese u feromagnetu.
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Tu this paper the analysis of the Heisenberg ferrromagnet in terms of the ;E';": ll;{{f;,'
dilferent representations for the spin operators will be extended to the problem f } ) w J" ]
of bound states. As was mentioned in (1), where a ferromagnet in a strong }U _‘,'i',"\r i ',{, 1‘,
external magnetic field was considered, the hifluence of bound states on the "‘?f' \ /'j Q‘({';"))"
thermodynamical properties at low temperatures would be expected to be [v){"'}til “--f(/ﬁf"‘.’i}llz
important. Indeed, if u# > I, where w.is the magnetic moment of the atom, il ’ ]‘{,"I'I'Ilf-';‘i
A the external magnetic field and I the exchange integral (this is realizable ( ’ ‘1', [ ‘,’i‘,ﬁ?,’x-’l
in weak ferromagnets only), then the most important term in the ferromagnet f’lf" \,l”\‘J_ )_,]1[ o
with spii 8 =} is ' X ,[]',{}J}'j ;{\{t";r;l",b'vl
(1.1) H\(S) =pt 3 (5 — 87, ,J{f’;’a ?5;;'(. {;,./ ‘,
n (AR IV T L
Al
(i [l i
() On leave from the University of Novi Sad, Departiment of Physies. ,“J"’!,l).,' {}‘{;‘_"f fi ;')
(1) Yu. IL TFixksesteiy, M. J. Skrivgar and B. S. To$ié: to be published. i ‘.1";‘(‘;‘/,‘;',',’.'n)
FAARREATIY
5 ',IV,HI [
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where SEis the component of the spin in the direetion of the z-axis, With the
use of the Bose representation of the spin operators given in (?)

= o
(1.2) l\': - z ( H;v I:,: I:n : l_ q: S‘ ( I.‘h'—HI»r-O-l
o 1+ 2 S+ )

(S = 8% a8 and BY and B, are Bose operators) one can casily obtain

(1.3) (H(B))s= (,,,//’ b z (1 4 ;;..H ”,.;H)z:- 0.

n v=0

The symbol (...); denotes the expecetation value of the operator in the bracket
tuken in a state with two bosons bound af one lattice point. This result sug-
gested that the inclusion of the interaction terms proportional to the exchange
integral conld influence the possible existence of an observable low-lying level
of energy fi,~I*|u’ covvesponding to the two-boson bound state. Since
the cuergy of free bosons is B, = pu’ - 1 IK* (K is the wave veetor) the
main contributions to the thermodynamical properties of the ferromagnets
would come from the bound states due to their great p()pul.llum.

However it turned ont that the inclusion of the intéraction did not make
« observable » the level B, = 0 (1.3), and the rvesults of papers (*') (see also (%)
Chap. V) were thus confirmed. We think that such a confirmation was necessary
beeause the analysis of bound states which has been done in (**) in terms of
the spin operators contained some elements that could eause doubts concern-
ing the validity of the results and these are the use of the Fourier Gransform
of spin operators, which is not a canonieal i-ru.nsf()rm and also the use of” « non-
existing » states (57)%|0 in the L.uw of spin S = Except this, the equality
of the results in both pictures, n: unely in ihe \]nu .md boson ones, confirms
onee more the boson ehiracter of the elementary excitations in ferrromaguet.

Since the problem of bound states is exactly snlnh]:c, and since there are
other Bose representations of spin operators (Marumoeri, Dyson), we used

this problem to test the adequagy of these representations in :x,nn]ysis‘ of the,

bound states. It was found that in this respeet none of these other representa-
tions is adequate. In the case of Marnmori’s representation this inadequacy
shows up in the appearance of a redundant bound state with an energy
I = /. As to Dyson’s Hamiltonian of ideal spin waves, it gives correct values

(®) V. M. Agranovi¢ and B. 8. ToS1é: Zurn. Blksp. Téor. Fiz., 53, 149 (1967),
English translation, Sov. Phys. JETP, 26, 104 (1968).

(*) H. Berun: Zeits. f. Phys.. 71, 205 (1931).

(*) M. Worris: Phys. Rev., 132, 85 (1963). :

(*) A. I, Amezer, V. G. Baraanrar and 8. V. PerersiNskir: Spin Waves
(Moscow, 1967) (in Russian). 3
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(P il
for the bound-state energies, but the corresponding wave funetions are not ' ’.",{
correct. This Incorrectness yields wrong values for the transition probability ) ;,! '«{
"M
between free magnons and the bound states. This is explicitly, illustrated in [ | (’j
the case of fhe transition between free and bound states influenced by an external i ‘,"}ﬂ'.’ :3?
radiofrequent magnetic field. Thus it turns out that the Dyson representation ;} '!:.l}(‘f
is adequate for the analysis of the thermodynamical properties of ferromagnets, "):I e
z (T BLILY
but is inadequate for the analysis of its kinetic properties. -,';l.",{',l
..-‘)""v' }i
| )]"‘,' “.
2.'— Wave functions and energies of bound states. b‘\.‘,“ |
AN
{“.'t | |
As we stated in the Introduetion, in the analysis of the bound states we shall |S'}‘l’|" 'J.
- - . . ‘
use lh_(;(—-._\'_:_xcgﬁggsgi(:lvl'(~s(~xxtutmn ol spin operators. The spin-operator repre- ‘}M};! !|
sentation of the Humiltonian of simple cubie erystal has the following form ; "'l{'“ji}'
in the nearest-neighbour approximation: I‘llﬁz”'{.\{.‘:
iR R
| AI‘\AU
(2.1) H(S)=E,+ 43 (4 — 8% — iy Sy Sy — 33 (4~ S — 8%, 1 T
" ni ) }‘f\v"‘)ﬁ.‘“;
where ol ‘-’,l )
[1) fat
o L
Bo=—INp —}NIT, [ =pt +10, it
I .
b
N: the number of atoms in the erystal, Wi
».i ': Ay
, I:  the number of dimensions of the erystal, and * g}l ) 1!
: : : [£1]
A: the vector connecting the nearest neighbours. L‘ém«,
W
By use of (1.2) we obtain the Hamiltonian of the system in the boson picture: , Wlllu'
‘ » 1 x' ' ".\
22) HB)=F+435 E2 prapea l.'{“’“\'q;\
- = 4y T Asd L =
o ves (1 4 )! ’ A,;;"l' '
:—.1,} { N
1w ptf & 20 o e —2p . . AR
—=1T1 > B BB ~w Blta Bt Bagg— AR
P [Z (14t P |2 0y P Bia | B ff i
AN
1 o (=2 4 e (=2 4 I
__[ e I» r+llgr+l _’) r+1,n—+1 X '|v|,; !
2 zl[z (1t PR | 2 Gy P R t‘?,wfi‘li
SR
Y /)
The wave function of the ground state of the boson system deseribed by the h; g}‘lé"
Hamiltonian (2.2) is defined by : - g } ! f-,'~}? §
‘avl f'( “"I:
|
(2.3) Yo = |0 '\“;'!i" v‘ﬁ)
Y
and the wave funection deseribing the state with two Bose excitations in the j;j,-'; (i
] I;/ ”‘[. " !

RN A
A
14y (131 i “
I' i / ",",’5(“"/"‘\-[:""“w' )/
NN BN (A LA
e (A | l"",J‘I’(""’i'lwh“'('{ I‘.
} 1) I} I ‘\"'W, ’,1;" ‘ (10
Y Rl | 1‘|4‘5‘. I'\:(",’\I \[/‘,/' | "]\ I'
i AT R A RN
| AT N (At -
) HN‘ ‘1’\‘ [H\
) { /lf.n‘}f ( (l‘ll
Wl U
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crystal by
o, ) 2N = y * ot
(" l) '/3 "’" z ‘1Ev8n "b'l ”Hllo' .

8181

The coefMeients A ave symmetvieal, with A, 0.
Hiels ¥ Hifa

Sinee we have

]I( l)’)lﬂ =5 z Agngn”( 1) ,;;I “ZJOK » "3 z “lgl'h R;'- I,I;-l"
s 5182

and

S Ay g B B H(B)0) = By 3 A, . B BLI0Y
8183 #183

where the second equation is obtained by left-applying  the operator
A R;‘ l»’;. to H(B)0> = B0, subtraction of these two equations gives

o Buga

the equation

(2.5) 20 S B B (B0 =—EB Dl By B |07
182 8182

determining the exeitation energy of the erystal 1 == B, — 1J,> 0 and the
cocflicients ;lg'_g' defining the excited state |2). By [4, B] is denoted the com-
mutator of the operators A and B. Substitution of (2.2) into (2.5) gives

(2.6) S {d, JE—2400— 0, By By + 3 2 [(Agune+
B A

+ ‘Ag.—l.g, + "’Iz‘-'l-lll‘*'A + jlﬂnﬂ:"‘ o 26&':-8: jiﬂl-ﬂri" +

3 » O AT— +
+ 20 Ag,,g.—l) I‘;l B;n — 23 l(Al-h"'A-l,'ﬂ'A [ill lf;:‘“ +

8183
t Bt A Bt nt A

) t 1 110N —
-i— 'AA'A"’-F-"" l’gl @A Cgestd Vg st o B 1 nm—/\)]’ |()’ =0

But—2 g
After Fourier transformations in (2.6)

A= N3 oxp [i(K g+ Keg) ] 4Ky, Ko

F40
K,K,
B, =N exp[iKg) By,
K

where K, K, and K are wave veetors, we obfain

(2.8)  [H—Eolq)lxglq) —2IN~ 3 cos gA (ms -Q;)\ — €08 q’l) ao(q') =
a2 £

=— N1 z Tolq')olq') y .
q

A Y T T AT N T

Ty
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where

K, K.,

Q
q, = 3: (KI_KZ) )

N-*Yexp[i
Qq

(2.94)

(2.90)

Qg + &) +iqlg— g)1%e(q)

1
)

A, &

(2.9¢)

cos g .

QA
=

=2/ —21 Y cos
7

FEolq)

(2.94)

In the expression (2.9d), which represents the sum of energies of free hosons

A goes over a half of the neighbours.

The Aonm'gies of bound state
corresponding to the nontrivial solution solq) # 0 of

and in eq. (2.8) also,
If we take in (2.8)

Q('I)

the integral equation (2.8).

s are by the definition all values )<<

— N7 Y Eylq') ogla’) = fo
q9

(2.10)

we obtain

oS g -k) uolq') -

15 22
((,08 -.Z' —

Tteration of (2.10) by means of (2.11) with the assumption fiy 70 gives

> cos gA

2IN-
B — Eolq) 7

-4

— lio(q)

B

xolq) =

(2.11)

Tty
BQ =0«

[0
DY

T
AQ

14 Y9+

(2.12)

The following notations are used in this equation:

b

]
.'P('—ll

7
= ﬂi' J'd:l?l “ee (lml
o
[
T, = zcosg‘f
o=1

10
Yo

COS T,

2

T )
24 —F

1
P

o

=

(2.13a)

AQ)

(AQ'AQ ...
fd:nlL Joo Ay

<

T;—I‘

(y— 1) cosx,

P
A=

(2.1.311)
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S0 D. I. LALOVIC, B. S. TOSIC, J. B. VUJAKLIJA and 1. B. ZAKULA ('l.i” ,
JS U
R B
( iy { J‘!q“.‘n
H . v:“ f
Ba=\ 3 1, i ‘ fl "\ E
By | ‘}’) )
(2:13¢) i W l“\" |
» {4 n"‘ )
1 cos ((),/2) — cos ., W
| BE@== |day...da, - (')"/, ) e, D=3 Doy by AR
= b4 .7,—/1 .5\,”\‘(‘!:."1
° '(“' .l"' WY
1;' W "l'l"
~ (;(Qll)'.' ('((}‘) Ill’ ?{Il‘;“ “{
: Dg ==y, o=[: - : | it
. Cgy . otn L LA
(2.13d) 4 Q Q el
- (C08 Qp/2 — cos a,) cos a,. RSN
woe’) __ i . ‘e QYN Mgt (= VOV
(_.Q(‘ _n‘f(l.ll...(l.l, _'l,',—,u = o =1, ..., ",“)“;"\‘\(
° [ ‘L‘I‘,“" l“
. Hl: | ‘l
It has to be pointed out that the ¢hoice of fig made by (2.10) is the only possible | H‘.}'f:.e.t
choice ensuring the convergence of (he expansion .71“(}’ ﬁg’ 7)’3’ which is not t,{,uvl)[]\.;“
evident if the matrices ﬁg’, ﬁg’ and @3’ are written in the form (2.1 3b)-(2.13d). (" i {:(;,“
. . 1) “l.‘ R
The convergence of this expansion is explicitly verified by the dizgonalization |1\\,|¢'v’4
A . . AR
of the matrix Cg by the unitary matrix 09, HETRRRS
D 2 R W
In the one-dimensional case the eq. (2.12) becomes ;(‘.v‘”"’,l‘ :
h';“'.‘, ‘
0 3 e
(2.14) (r}—/t)[(('.nsj—,u) JQ—J] =03 ‘ ]l Iy :;‘.,!;
B AL
where "J‘i‘ N
. = ~ VRS
1 dux — 1 Rarott e
(2.15) ’ ']o-_—.—f e e [L\( A\ !
) CoSQ) cosT—p/iacost (G2 ?\'x’,"..'u /i
f - Ern Ty
Assuming cos (Q,/2) = cos (@:/2) = I, in the two-dimensional crystaly the \‘: ""'1;'111'4‘,{
formulae (2.130)-(2.13d) reduce to ff}{'}',".”_.'.l
/ l"",":‘i A)
WA Lcos @, +- cos ) S
- COSs 7 COS 1. RIS/ RE
A =AY = — | | dwyday g OO T BOR A, cos iy al® R
F 4 Ln(cos a, + cos Ty)— 1 7 ‘,);( Pl {
00 1l f ",I‘
. "‘)f.},\l{"'
1 am I T ]"f'.'].\'\‘
—COS 2, ! IV A AR [
BY l;(!) T dar, dor ‘2 r == 2 o "' (UREIA
. & S A * Ly(cos o, + cos 3) =1 J \ [ ! “;‘.‘c !,.
AL
(2.16) bl T
% o :'}' 1
% 1 (Ly— cos y) cos (,v Y I
CON— ¢reny — 1o, diy 22 = ' e
< SR [ R e (cos o, -+ cos m,) —p ? ) “}‘\‘
00 ¢ : U AL
{r "I'. 0l j.s,"l
Cu» — ey 1 i "d d (L — cos ay) cos T2 d® “‘l ""A( l' )
o= (@Y — — Ty dag ————— = LR
¢ ¢ T U Ly(cos @y cos ) — : ’,Tﬁ:y},‘ f
: 00 \ f f;"’,‘J"m‘.’
1
YO
{ ANEVINY j,/t“’.r‘.
) L | I (L W
el iy f.l‘(‘.w'";"‘,l((lﬁl"";’( “{
| | il L
(it i S VL
' I ! VT
i ‘ AHRUERERAN) ll]'d/
AR TR [ 205 ‘:']‘!]"' |‘r|“‘m'l !
[ 1A ! XN 'HHA W
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and (2.12) to

(2.17) (n—p)(1 —c*— d®)(1 —e® - d®) = 0.

With the similar assumption cos (Q,/2) = cos (Q./2) = cos (Q4/2) = L;. we
have for the three-dimensional lattice

ana
5 1 N — Ji(COs 2y -} cos - cos i)
A = AP =AF == dory dary dur e : ¥ vos = a'®
4 S ¢ T 2 i * Liy(€OS @y 4 €08 7y - CO5 15) — s A )'
000 }
TR |
1 Ly, — cos
Iull i B(z) - Biﬂ) = 1o, da. dx, —— DI~ 1 = Ha
¢ ¢ ¢ o e R Ly(cos @y -+ cos @, - cos ay) — u ¥ by
000 l
: i
(2.18) ana |
1 : (Ly— cos &) cos {
GO =08 =09 == da, dovy dar o T L G o
e ¢ Ce 7 1T T a(cO8 @y + CO8 T, + cos ) — 1t e l
000 - LA
032) — Cal) P 08” _— 083) — 031) o 0(62) zas d(a) ’ ' \" : )
B l nnn (I ) ti | 4
— CO8R @) COS T, RS e
d® =— s O ) Rl . i Y
u’fffd 12 Ta(cos @, + cos ay + cos ) — ; 41
000 )

while (2.12) reduces to

(2.19) (7 — p)(1 — 63 4 dD)3 (1 — M — 3dD) =0 .

On the basis of (2.14), (2.17) and (2.19) we can conclude the l'nllmviugé

a) Trom the condition

n—p=0,

which is the same for all 1 =1, 2,3 it follows that

= e 2

(2.20) E=0,

-.

-

e.q. it is shown that an observable low-lying energy level does not exist; the
situation in the erystal is the same as in the gas (see (1.3)).

e, o
P e S

b) The energies of the observable bound states which follow from

4_.“

(2.21) (cos%—p) Jo—1=0
il
L
I |I'nt;“1
LAEN R RNV
| oy b2 |}
: (AVA FL Y
1l ! ‘ | !"'”,("’ !
v Al R v RETT | {
| |: ?Ihr | :""“ .H‘ W I ' |
et YT RV )
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i the one-dimensional case, from

(2.22) 11— go=0 and, 1—ed— g — ¢

in the two-dimensional ecase and from the conditions

(2.23) (I—e®4+d»)2=0 and (1T —e™—2d4m) = @

in the three-dimensional case, are identical with the energies given in (39),
Consequently, the results from (*3) are in this way confirmed by means of {he
Bose representation (1.2).

We shall not analyse the results obtained here beeause the detailed analysis
is presented in (**). Instead of this, we shall determine %(q) from the eq. (2.8)
using (2.20) and (2.21). Bound-state wave funciions will be evaluated with
the help of funetions %o(q) and the expressions (2.4) and (2.9¢). We shall investi-
gate in delails the one-dimensional case only since in other cases it is nof, 10s-
sible to find %o(q) in an explicit analytical form.

Let us consider first the solution 7 = 0. Substituting (2.2 ) into (2.8) we

find that in this case for all § — 142, 3, the function %(q) is 1 (}! IFI*‘_:;,",‘,““‘
; \ "‘;”\i". '
(2.24) %) = you, 0 'ix'] AR
| N OB
{ L S
where Yo is an arbitrary function of Q. From (2.24) and (2.9¢) it follows that y il \

7
Agi0s= 05,0, N~ gﬂxp[.:, Qleg+ gz)]ra :

The properly normalized wave funetion is in this ease expressed by

{ 11
1 e
“:‘I},

( N \\'l""

»i2
[2e>5m0 = 3 5, BEF|0) o
g
(2.25) ; :
Ug=-— = exp[iQg].
# .LV\/3 Q
We shall see Iater that the state (2.25) takes no part in any physical process § ’ :.'
in the erystal including the spin-phonon interaction and the interaction of (he “‘ L
ferromagnetic with the external periodical magnetie field, e.g. it is unobservable (il
even in this sense. /i/“\f I
From the eq. (2.21) we obtain for the bound-state energy ‘,“!'r“r-
l’f” ;J/
t)/ ‘,-
e ; ~ 7 VL i
(2.26) B=94=97 (1—-‘; sm’é’)) : {“l.l‘j(
t “ R ]
- ’ ' \ "}" | l' ! !
| ;“/I“, l‘(."“l} | \ﬁl 1
f‘? AR LA
iy TR AN
' ‘; "I \’ ‘]‘;[‘4‘,1“1
{0 BN A M
AR
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The substitution of (2.26) into (2.8) gives the equation

(2.27) (rq— cos(—zz oS q) o(q) + cos g N-1 (cos%— cos q') ao(q’) =

v )
e

= N-1 z (7; — cos%eus q') eolq’)
"

= where
1
(2.28) r°=1_—§ sm’%.

We are looking for a solution of (2.27) in the form

(2.29) %(q) = Xolq) + Z,,
where '
(2:30) Xolg) =, Ve

vg— 08 ((0)2) cos q

is the golution of the homogeneons equabion
L

iy

{ ()
(2.31) (rq— nusg Cos r/) %(q) -+ N1 eos ¢ "'2 ((um-g--— Cos q')' %'y =0.

If we substitute (2.29) into (2.27), passing from sums to integrals, we have

5 AG £l el 2 cosi(‘)/z_)
L OE e e iaeta o s 1)

, On acconnt of (2.32) and (2.9¢) it is easy to obtain

. 1 :
| (2.33) Age=0; A, .= N 2 Yo OXP [.— Qg+ gz)] Rolg— g2) »
T e 2

 where
.( x
1 z" cos () [2\?
oS (Q/) -o( : )f.:s(gx—'gz)’l“)s qdyg .
08 2 »
0

(2.34) Rolh—g.) =
0 Yo

The value of the integral in (2.34) is given in ref. (%), integral no. 3.631.17.
/

(°) I. 8. GrapsrriN and 1. M. Rizik: Tables of Inlegrals, Sums and Producls
(Moscow, 1963) (in Russian). ] X .

R
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If we assume that the bound states are formed by coupling of the nearest, negh- ‘ 1 .'-ll ‘
bours, the equation (2.33) gives ! ,'qf',{
| } {
L 1 ! 1\, W) || '?"l
(2.39) Aypsr = v 2 Ve eXp|iQ (g 4 3] [6(Q), AR
N - .“‘l].‘““
where i
; 1 4 cos?(Q/)2 . T
G(Q) == 0¥ (@) i
sin? (/2 L
. - | ”,‘ |
The normalized wave function corresponding to the energy (2.26) is AN
| RN
2.36) 12 s3= Z (l;.a+l l’,: H:+1 22 [‘a.v—l ”: f:_l)lﬂt ! (’.‘,' \ ()
v JANTAA
Crad ey
where ‘ SR
1 1 Il
5 "‘ ' \y
. i
The states 120 5.3 and 257 4= 7€ Orthogonal. We have to note that the normal- f ‘:‘“,:."'.
ization is accurate to the arbitrary additive function 1(Q) orthogonal to G*Q)), e.g. l’i"'!‘v it
Y ) h
. ) AL ]
21@Q)6xQ) =0, Pl
e At
(RIS
. SO : : HT Y
but #(Q) gives no contribution to any measurable physical quantity on aceounts v Y 10
. vyra AU
of the orthogonality condition. '\l»v‘ "7', \
By an analogous treatment we can find in two and in three-dimensional N
crystals the funetion %o(q) and the coeflicients A‘l_g.. It is casy to prove that
the coeflicients Ag..g. are equal to zero for all nonzero bound-state energies.
3. — The transitions under the influence of the external periodical magnetic field.
The comparison with the results of other theories.
We have seen that in ferromagnet there are besides the free states
(3.1) “K\'x-x, = Z"{'g B‘;I()'- y U = Ntoxp liKgl, B,=A—1 %:(-us qA
‘ - i
the bound states too. Therefore it is of interest to investigate the internetion
of the spins with the lattice vibrations and with external periodical magnetic
ficld, since thege interactions could influénee the transitions from (e Iree to
the bound states, and also the transitions between the bound states.
— - - I TI C(TT 'v'v""'”""]"'\‘j ‘\
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The Mamiltonian of the spin-phonon interaction has the following form ((7)):

(3.2) M= grln,— n)(N; 8 4 Sy S )by = bie)+ (exp [iKn,] — exp [iKn.])

B, on,
Knyn,

where by and bg are phonon ereation and annihilatien operators and

(3.3) dx(n—n,) = iV2N (ex-VI(n,—ny)) .

IHeve mg represents the phonon energy and ey its polarvization. Using the exaet
Bose representation (1.2) we obtain

! 2 O3 v i_oo (_2)' ‘l’v+l v+l 1_& (72)' ;fl+l w4l
A il +b“\""[2 .§(1+v)']"' Ball |2 .‘?‘;(1+v)'l”' i

(_‘)) fr A ( ‘))' ty oy

On the basis of the formulae (2.25), (2.36), (3.1) and (3.4) it'lis casy o obtain

' Ox‘z-; ﬁ(/‘)lﬁ"qh-x o
(3.5) (gl 3-3./‘(1’)1“0/ g0 =0,
A <201 E=0 w(lg)lzq/z-s =0,
i.e. we concelude that the spin-phonon interaction can not influence the transitions
from [ree to the bound states and the transitions between the bound states.

The ITamiltonian of the interaction between spins and the periodical mag-
netic field is (see (7)):

(3.6) H,=—pu Y exp [— i) [§h7(R2) 8] + $ 0" S + 0 Sg],
&9

where 2 ave the energies (the field frequencies) and Il‘*’(ﬁ) and 22(2) (h 7
ficld components in an energy 1cpwwnlum(m

Tor the matrix clements of the Hamllloman I ,,(B) which is ob* nu( from
A, by the use of (1.2) we have : iy

<2Q|3-0H-A(B)|lx>a-s, =0,
(3.7)
<2QIB-0HM( “”%ﬁ-‘&' =0.

(7) 8. V. Tyaprxov: The Methods of Quantum Theory in ]I[agnetmn (Moscow, 1965)
(in Russmn)
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From (3.5) (sce the last two niatrix clements) and (3.7) it is clear that {he state
1207 geo 18 completely unobservable because it does not appear in any physical
process in erystal.

The only possible transition under the influence of the ITamiltonian
(D) is

(:lxls-':. > ,20>3-7 4

» . . - <
If we confine ourselves to the one-dimensional erystal, when
(3.8) L, = d—1cosk
we get for the transition matrix element,

(3.9) 1‘-[3>s.(‘) = <lx§x-t.”m(l")iga>3-i =

) —4; 2 exp[—iet] 3 (Al (Q@)uf + Q) S L ey -+
Q F]
+ [ (R2)ws + W (Q)uk,] Lye-i}

where

(3.9a) | e=Q+ B —F.

i wot” < I we have the transition Lolzz— 1 &x=5, WA B, and F change the
sign in (3.9¢). When (L) does not depend on the lattice point (this assuption
is correct for the values of the wave length much larger than the dinensions
of the erystal) the matrix element (3.9) for the given frequency Q is expressed
by

e cos K2

o exp [i[2— (B — By)]t] 1-(2)

(3.10) MK, 1) =

and the transition probability (summed over all the values of I) by

+5 &
(3.11) W= f coshif (1= () |2 ke '
-— ‘."
where
(3.12) Be=A—21 (1 —% cos? g) h

In conelusion of this Scetion we shall consider the results obtained with
some other Bose representations of spin operators.
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The Marumori’s representation (see (%)) gives the following cffeetive boson
Hamiltonian for the investigation of bound states:

(3.13) HM=E + 4 E B'B. — 1T E BB, ,—3A3BIB B B, +

T .‘:IEI::I:/ By A 11};‘[’ I’M’nﬂ 'IZI H:H.
ni n

Completely analogous treatment as in Sect. 2 leads, with the Tamiltonian
(3.13), to the integral equation

(3.14) [ £ —Eo(q)]ag (q) —:\—{ S cos gh ((-.ns %7—\— Cos q')\) ao(q') =

q'a

= j\, []yq(q )—— A]OCQ((I )i

It is casy to show, using the results of Sect. 2 that the eq. (3.14) gives for the
bound-state energies the values obtained from (2.9), but the level J =
becomes here observable, i.e.

(3.15) E=}A.

The appearance of the additional level B == L. is the consequence of the im-
posed condition on the Marumori’s representation. Numely, it is assumed
in (%) that S vanishes for all boson occupation numbers which are larger than
28, In this way an inadequate boson picture of the Terromagnetic was obtained.

In the theory of magnetism it is often used the Dyson’s Hamiltonian of
the ideal spin waves (see (%)):

(3.16) H,=BE +AYBB, —LT Z Bin
l 1 2: r, n+41 u+A I —4 I Z B, ”:ﬂ\ B Pn+1 *

It is known that the effects of inferactions between free bosons at low temper-
atwres and for small magnetic ficlds are well deseribed by the Hamilto-
nian (3.16). The integral equation defining the bound boson states in the system

() T. Marumorr, M. YAMAMURA and’ G. TOKUNAGA: Progr. Theor. Phys. (Ilyoto),
31, 1009 (1964). Sce also: S. C. Paxe, G. Kreiy and R. M. Dge IZLER Ann. of
Phys.. 49, 477 (1968).

(*) . J. Dyson: Phys. Rev., 102, 1217 (1956). Scc also: S. V. MALEEV: Zurn.
Lksp. Teor. Fiz., 33, 1010 (1957).
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deseribed by the Hamiltonian (3.16) is RIRANIHL
I
| .
-lr- ']'v I’Y s' ;\ - QA e ’A E 1 | _l‘
(3.17) [ — ,Q(q)]ocQ(q)——F _(()\q COS 5 —00sg a2o(q') =0 i !
': L w:{ Ll
and it gives the same values for energies as (2.8), except for the level B = 0. ' 3l |‘
Consequently, the Hamiltonian (3.16) gives the correct values for the bound- | {d
state energies but the wave functions obtained here differ from these following AN 1
from (3.17). We shall demonstrate this on the one-dimensional lattice. Tor (et \‘,'
RTE HA il
the energy K = E (2.26) the ¢q. (3.17) becomes in this case - I
\ 1}
] |
L CHOY
0 ) U & () AR
(3.18) (rq—c()s-é cos q) oto() -+ cos ¢ 1% ‘\_ (‘.(,_\"L:_ cos q’) o%(q') =0. CRLRTN
- ¢ - I k"' I ‘
The solution: of eq. (3.18) is- ' ' 1‘
fit ()
Ve COS bt .
3.19] = A
( ) %e(1) 1g— Cos (Q/2) cos ¢ (1
and the coefficients are : B 1
> ,' |14 f
; 1 Cos IV EN
—_— L5 ( OV
bos .Vg (\p[l!,(/] ,Zw —cos ((/2) cos ¢’ TR
(3.19a) BT b
1 1 < cos q exp [iq(g,—g.)] ! ,
= e CXD | = Q(g 5 Rt
no W 2 Ve [ fe ””]N? vo— c0 (Q[2) cos g A
, Wkt
SLEEL Db L)
In the nearest-neighbour approximation the normalized wave function is "a' _
Y 5 ! I‘i 4“‘5 " L) ‘I
(3.20) ;»h 3= 2,0,B2(0) + 3 (4, . BBt + 4, . BB )0, [ i
L, L ¢ \ l:‘ \ il (f
where ! ' \,",- FIe
1 « G.(Q)expli0g ki YAl
(3.21) 0, = 5= A(@) ”f" ks
2N TVEGHQ) + G3Q)]
) L < Ga(Q) exp [iQ(g £ )] (RN
(3.22 Ayia= R
INT VIGQ) + Q) il
and ‘,'_"‘_‘
i\ ‘ : | i
2 cos(Q/2) el eI T
G(Q) = sl ! . [[‘ AT R
e 8in?(Q/2) o LR
(8:24) 6.(0) = Lo+ c0s*(@/2) ' AR AL
| T sinr (Qf2) : AR
'

— S VOTITSYET T




( l"', &l
(U
: ¥ ',1),‘“.( ‘,)‘I
PROBLEM OF BOUND STATES IN FERROMAGNETS WITH SPIN & =} 89 "fi"vl', :,"f{-"l
] (L8 ISR AN
f ” , { l
IO
As we see, the wave Fanetion ineludes the part which corresponds to the un- ‘(' ,5(!},"“'.‘\
. . . . 'l
physical states with two bosons at the same lattice node. This changes the i :“‘11 Ik
values of the physical quantities evaluated with such wave funetion. Tor ,I;(” Wl”
. instanee the probability transition from 2o 5.3 O g’ geg, under the influence ;' | \!' "".f ;I
of the external periodical magnetic field is ERATR LA
;,v’l""‘l' l."'
vlq ln“l.|| ll! "‘f !
£k e [
I WA XA :
3.24 W), = ut| cos* = 2 o R (Be)rdk =
( ) H=k 2 1GYUK) + Gi(K) [ (M) /}':; !J(‘!‘,'.I LA
% P
n 2 ( K2 ‘If.‘”ji‘ vul,""'l
\ 1 4 cos? (I]2))2 PRI
=p2|cos®— —— A1 S (W2 (Eg)|*dk ' ey
2 (1 + cos*(A 2))* + 2 cos? (K[2) AARMAYA
58 ‘;'..‘,:‘v,l i)
AL
; “f"‘l)“ll“/"|1ll
S . : 2 : SO
and it follows that the admixture of the unphysical states in |2;,\,_;; deereases i'"l‘| i 'lr‘;‘\ :
as o . . T 3 HALTEAN
the transition probability. If we suppose that the funetion [R(2)|2 is inde- ,'gf}""..‘ll',“ | gl
‘pendent of 2 the ratio of the probabilities (3.11) and (3.24) is )* [l
b { VT
b” | A “ ,"‘l.,'r j\
(3.25) ]_V o ‘\’i{\" “‘i‘l',! \ (‘r,l,
v Wy bes .\1‘ E(_ LifE ',.{"{
R LB LY A O |
‘ it
“:i | (‘ll;’ l
4. — Conclusion. "[}', TN
‘:Iv'lilii';‘f}' {:"}
In conclusion we emphasize the following: ; }'(‘; TN
| B i !
: . 3 VR E L
@) the energies and the wave funetions of the observable bound states }\ g'\’ll Uit i
4 . . . . . . . . . 5 Ml bl
are identical in the boson pieture and in the paulion (spin) picture, ":')H})Jl‘-ii
E ) XLV
b) there is in the boson picture the completely unobservable state with }ju-",'.-‘llt‘/;fﬂ',
: 2 : X 3 o3 LA
1wo bosons bounded at the sama lattice point, corresponding to the nonexisting | l_{‘n‘i ]H:-ﬂ{,
state with two paulions at one lattice point, (Hf‘"‘ J,lr‘r"n ‘lf
1AL | L
NV R
. ¢) Marnmori’s boson representation of spin operators was found inade- ;ik/':‘ ";’,'1'“3 "'1 1“‘
quate since it contains an additional observable level which is nof obtainable }1{./5’ 7(2’. lt
in the other, spin and boson (1.2), representations, )'i”f".‘,\f\l‘_\",‘li
(PR PN
d) Dyson’s Hamiltonian of the ideal Spin waves gives the correet values (I [ ?‘;‘,}, I 1\
of the bound states energies but wrong wave funetions (namely, the wave fune- \,I:‘§ ',! ! “f. ‘[(}:’f
. . . - - . . | ”'.:
tions include the unphysical states deseribing two bosons at the lattice point) /I/ "';’,f, ,",‘ {15
e — LR 8 )
leading to inaccurate results for the transition probabilities. ',|)I e
i ‘.‘V,‘.‘ (
VR AL
* ok & le..el'.','.”f/,"r;l{
,,{l';f"f.[f s
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Usando Pesatta rappresentazione doj hosoni, si studia il problema degli stati
legati nel ferromagnete di Heisenberg di spin S =}, I risultati sono identici a quelli
ottenuti con gli operatori di spin ma il metodo dapproceio qui usato non risente delle {
incocrenze inerenfi al metodo degli operatori di spin. Si dimostra anche che alfre rap- {
presentazioni esistenti di bosoni (Marumori, Dyson) sono inadeguate alla frattazione
degli stati legati del ferromagnete di Heisenberg di spin S=},

_—

(*) T'radusione a cura della Redazione. )
|
2 i
|
ITpodaesa cos3amniX cocrosumii B (deppomarneTurax co cmmom S={, . WA
i
} "
Pesiome (*). — Mcnonuiys Touioe 6030HH0¢ NPC/ACTABACHIE, PACCMATPIBACTCS NPO-
GieMa CBA3AHHBIX COCTOsNMIE B raii3eHdeprosekoM  (eppoMarHeTHKE €O Criom =], TR

Pe3yanTaTel ABARIOTCS MACHTHYHBLIMMU PE3YALTATAM, MONYUCHHLIM € TOMOUIBLIO Onepa- Alll
TOpOB CriMiia, HO B HACTOAICM NOJXOAC HE CYLICCTBYCT HPOTHBOPCUHIi, CBONCTBCHIIBIX ‘
MOZXOXY  CHiHOBLIX oneparopos. Taike nokassiBaeres, uro APYIHE CYHICCTBYIONINS i
00301iHbIC  IpeACTaBCHIts (Mapysmopu, [Haiicoia) HCAACKBATHLL  JIASL  PACCMOTPCIMs

CBSA3ALHLIX COCTOsMIT rzm";cu()cproacxorp (peppomarnerika co cnunom S- =% v

(") Hepesedeno pedaryueii. i

Do I. LALOVIE, et al. ,
Il Tuglio 1970 AR \
Il Nuovo Cimento s
Serie X, Vol. 68 B, pag. 75-90 RN
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HOW TO ANALYSE BOUND STATES IN FERROMAGNETS WITH SPIN 53=%;

by

D.I.Lalovié, B.S.To5ié, J.B.Vujaklija and R.B.Zakula
Boris Kidri& Institute of Nuclear Sciences - Beograd

1. INTRODUCTION

The problem of bound states in the Heisenberg ferro-
magnet (the bound state in ferromagnet is the collective exci-
tation which is the product of two synchronous oscilations of
the spin pairs) was considered by many autors |1, 2, 3|. 1In
these papers the spin Hamiltonian or its Bose equivalent accor-
ding to Dyson |3| was used for the spin of the arbitrary magni-
tude, For the case S = 1/2 the results are found by the sup-
stitution of the value S = 1/2 in general formulae. If we
should treat the ferromagnet with spin S =~1/2 in the same way
as in the papers |1, 2, 3], then the equation for the bound sta-
tes could not be established! We shall try to demonstrate this

statement in the following way.

The wave function describing two eéxcitations in fer-
romagnet with spin S = 1/2 ‘'has in general the following form

|83 TG 12 DS 0% casg
B B il

v (1)

where T and M are the crystal lattice vectors, S5 =~ the
operator which diminish the value of the z-projection of -the
spin for one unit and cﬁ & the coefficients determing the
amplitude of the probability that the spin at the points R

and @™ will be changed for the unit. In the case S = 1/2 the
state (S;)2[O>=O, i.e. in the summ (1) the"term which corresp-
onds to i = has to be "dropped” out. It is easy to show
that this, completely regular treatment, leads to the bound
statds energy of the value whych is about twice and a half

+ On leave from the Department of Physics at the University of
Novi Sad, Novi Sad



reater than the summ of the energies of two free magnons;
naturally this is physically non-sence. On the other hand, if
we keep’these states in the summ (1), it is clear that we can
multiply them with arbitrary coefficient, and this must not’
change the physical result because these states are equal to
zero. However, for different values of the coefficients we get
different results. We have seen in the given example that the
result has no physical sence if these coeficients are équal to
zero. Therefore the bound states in ferromagnets with spin

S = 1/2 have to be investigated in some other representation.
We shall use in this paper the Bose representation of the spin
operators |4| but we shall give also the results of the Dy-
sonS and Marumori”’s representation.

2. WAVE FUNCTIONS AND ENERGIES OF EOUND STATES

In the analysis of the bound states of two spins in
Bose representation it is enough to use the formulae from |4|
in the following approximation:

’ :

{ N % o ¥ e =) )
E-E:mnbmba-(bm)b%, STl 5?» B, -(,) B, (2)
The Hamiltonian of Heisenberg ferromagnet Qith spin S =1/2
in Bose representation (2) and with nearest neighbour approxima-

—

tion has Ehe-gbrm

A 2 +* ; A s 8.
HeEr b2 b - 3 BB ™ E.Z:“Kbm‘b_mabmﬁ e

(3)

b 3 % s i + A I W *
. E oL uNM-LabT =l
where P E‘"‘ 5 5 Y‘

- the number of atoms in the crystal

-~ the number of dimensions of the crystal

- the. external magnetic field

N

V - the magnetic moment of the atomn

H L

3 - the vector connecting the nearest neighbours
1

- the exchange integral for the nearest neighbours.




The wave function describing the system with two boson

evcitations is

(4)

i
I
2
v
lI
M
Z
()
4
(F)
3
6]
3
o
y,

The equation determiningthe coefficients
4
S A \'s_», Lo B, \-\}X\o> -5
2 A v,

(where E.=E~E, is the difference of the bound state

energy and the energy of the excited state)can be reduced to

* T Anmat Anam) = a8 AR+

; : (5)

After the Fourier transformation in (5)

L . Qﬁi‘.-{* S —(cva, - — —
Apa= —Z 0 (De e G
M Nla'z%i rQI % .
where CR,, 2 are the wave vectors,; we obtain the homoge-

nous Fredholm s cquation with degenerate kernel:

¢
P e CO&“§>CObQ'1 = 3

*’LZ‘. o
O(q} w) = b% XR‘ " ..ab e % »=L =

(?.,‘.xf) rl +L ?;QO%K.' _r. + L .‘T:t wWsK; )
‘, times
where = A Aa-E s Qe Qs
= — == = CO -—‘—'&(.40 —_—— e 2, B
e S i SR

In the further treatment we shall confine ourselves
to the onedimensional case when the solutions can be given ex-

plicitly. The equation (7) has the nontrivial solutions for
B Lo &
- E o= - -
Ex & and E =T%a-21(\ 5 B ), = (@)

and the corresponding wave functions are respectively

A vqm G I
\a.q,>1:_= =1 —r—g(z%_e (bM)\O?

s ~

(9)

<




(10)

M Ay "'V“'VA

— e~ \ +l ~* + \'QQ —L
2> _=Z.“LL[\€\Q(W Q\Z')b o t"_+ g\o>
% ™ S

where (10) is obtained under the assumption that only the nea-
rest neighbours are coupled.

In this way we have shown that the state (é) with two
bosons bound at one lattice point is undiserrable ( E=0 )
or unphysical, as it is often called. The energy th has
been obtained also by the other autors |1, 2, 3| but in the way
described in Introduction. Here we get this result in the compli

tely regular manner.

3, THE COMPARASION WITH THE RESULTS OF OTHER
BOSE REPRLESENTATIONS

~nalogous calculation with Dyson”s representation of
the spin operators

Z + - . o] +
= ~—.5.‘_ v = - : = ‘
I e R N e T k= (11) '

gives the same result for the-bound state energy

= 2 a-aT(h- L= D)

"but the wave function contains the "mixtures" of the unphysical ‘
states describing two bosons bound at one lattice point, i.e.

it is incorrect:

A
\a'Q?ExE'_ZW (b \\O>+2"(A~»~ws W%fo+Aw b b >\O>

W\f\eYe_ 6 e x (‘/QW) & <3 62..e'xvc'\IQ,Q\’\t%)X ;
_@c'\» 2“—6 FG )1—-—,“ 3 .[\ "—-’-a—'z: (%G:;* G:;) Ve (12) ‘

» S LA s

- EIQOE>€k i*’COED‘E:

Al 0
BETas " Ve s

It is easily to show that this lncorrectness in the wave function
decreases the transition probability from the bound to free states o




under the influence of the external periodical magnetic field
for about 33% (see details in |5] ).

From the Marumori“s representation of the spin operators

AIoNaS ot B YN,
23“' ?DszZW-';<g3a> &va

(13)
e : I ol = 4 ]
ED _— b . fb - - A=
e 3 ?:k$; SR B~ B
one obtaines the following valuass for the bound state energy:

E=da 4 Egmrn = (h-g wi )
We see that the unphysical state with two bosonslound at one
lattice point becomes observable in this representation (&, 0 )
and this is physically  nonsence because it is clear that for spin
S =1/2 two bosons bound at one lattice point create the same

physical situation as in the case when that point is not excited.

4. CONCLUSION

It is shown in this paper that the problem of the bound
states in ferromagnet with spin S = 1/2 can not be investiga-
ted in the spin-operator picture but only in the boson represen-
tation of the séin operators. The only correct result is obtaina-
. ble by means of the exact boson representation |4l. Dyson”s
representation gives good values for the energy but incorre@t
wave function while in the Marumori’s repreéentations we gét an

additional observable level which has no physical sence.
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TWO-BOSOW BOUND STATES IN HEISENBERG FERROMAGNET
w v, JHE% 2 * %
D.Cirié , B.S.To3ié » J.B,Vujaklija , and R.B.Zakula
Boris KidriZ® Institute of Nuclear Scilences - Paograd

1. Introduction

The problem of the bound states in the Heisenberg fer-
romagnet with spin S = 1/2 has been considered recently in /1/
by the same authors. The reasons to do this analysis were the
following:

First, for spin § = 1/2, the equation describing the
bound states of two.spins could be formed in an arbitrary way
owing to the fact that the all set of states S% S%{ 0 >
(|a] = 0,1,2...N) is equal to zero; e.g. the corresponding coef-
ficients in.the wave function describiné the bound states may
havg the arbitrary values, This difficulty can be removed only
by introducing some additional assumptions (this question is pre-
sented in detaills in /2/) what, by itself, means that the prob-

lem can not be resolved in a selfconsistent way.

Second, since the problem of the bound states is exac-
tly soluble, we used it to test the adequacy of the different

boson representation (Dyson, Marumori).

* :
On leave from the University of Novi Sad, Department of
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Physics - Yugoslavia 3

o ok vk
Also at the University of Novi Sad, Department of Physics,
Novi Sad, Yugoslavia



The results obtained in /1/ show that the exact
boson representation of the spin operators and the repre-
sentation of Dyson give the same values for the bound state”s
energy but the different wave functions. It ha§ to be point~
ed out that the twoboson’s states and not the twomagnon “s
states in the boson representation were investigated in /1/
in terms of the exact boson.representation (in order to re-
move any terminological misunderstanding we define the boson
states by the wave function |B> = B+ 10> where 0 is the
operator creating Bose quasi-particle and the magnon states
by (8> =S 10> where S~ is the spin creation operator).
Therefore, in this paper we want to investigate the two-
boson and two-magnon processes of the Heisenberg ferromagnet
in order to suggest the methods capable of giving the answer
to the question what is the nature of real elementary excita-
tions in ferromagnets: are they magnons or bosons.

»

2. The Ener?ies and the Wave Tunctions of the Two~-Boson

Bound States in the Heisenberg Faerromagnet

The spin operator representation of the Hamiltonian
of the isotropic Heisenberg ferromaqnet of a simple cubic
structure has the following form in the nearest neighbour

representation:

\_ ¥ Al s o =
‘\--\~ E.+ A§(5 =3) a%5m$a+a
_12(5-§)(5-§ ) _
T . o el ¥




where
E = -N F,,W\,&-—NEPI% :

A = F«.'}’v +25%

the number of atoms in the crystal

the number of the dimensions of the crystal

the vector connecting the nearest neighbours

the exchange integral for the nearest neighbours

the external magnetic field

. < 3% Mo P = =

A
the magnetic moment of the atom § 5= = Sg + 1S§ the

spin operators satisfying the relations:

o - %
[, 5, )= %’eyz.%&z

\ =z, Sa} =g S(er)-a(sH Y (2.2)
& - LS ;

Since we intend to analyse the bound states of two
boseons we hava to replace the spin operators in (2.1) by the

Bose operators, using the exact Bose representation of the

spin operators given in /3/. In the case of the low tempera-
tures 1t is enough tc take the following effective boson
representation of the spin operators:

e = ( S A

fi;, ==V"' g -+ -
= = \us ( ©, ~S2 BT, %R.\\,

N > _* ATl
; o =¥ \ el . .
e R B O "
L A 4 k)
'br'\:b'n-" ";°" 93)5;
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where
L2a Ao lte ) (2.4)
QS

In this paper we shall consider the cage S Dl/2.

We shall see later that zll results which will be obtaineé

for 8 >1/2 contain the results of /l/ as a limit when S s Y e 3
After the substitﬁtidn of (2.3) into (2.1) we get

the effective boson liamiltonian in a following form:

+ et >
He E + 0T 8.5 -7, ol S, . v
=S =R N T AR
TRINZ (B2, 10,5, 4+ B8, & Y -
2R BTRTATREA TR RGR LR B (2.5)
L o= o 4
s L - - -3 ?3 Y
alx:,’a" e ~»+7~%R’~+& = : .
The wave function describing twoboson pProcesses in

12> =2 AL, ™% tos (2.6)
3R 5 *

¥

M
-
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whera the ccefficients A= define the probability for two

-

-
bosons to appear at the la 2 points f and g. The coe f-

ficients A= » ar mmetrical, A= = A,
e i Bl i - e

is denoted by 10>,

;. The vacuum state

If Ez is .the total energy of a system with two bo-
son excitations we obtain the following equation determining

the coefficients Ag 3.
’

z A - R'Eifg-?ﬁL'* S 2 H k O ==
LSRR o (bi '’ 1 Sk (2.7)

E=E,-%_



which reduces to

(t. EQ\ A-r.%"f‘b 2(&"7\-‘3 -o-') —

""6*‘\ 4 J.‘»-ﬂ\, % (2.9)
a "‘*7\:‘% "'um
After Fourier transformation
'-"z -» P
v + )
\ : 3
A la ot @ SA . (2.10)
3 N e Nk
' K‘lv\'u Y :

and with new coordinates and momenta in the center of mass

system

rhi
I
ta} ]
]
Hé
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i

=

1+K2
f+g=2R%R 2'§=El-'ﬁ2 - 41)

one obtains from (2.9) the integral equation with degenerate

kernel

[E TA+LST S J%s&u%‘iﬂ'ﬁ(»({\—;
n>o = P

\ - = AR o 2
g b %‘L* =582 2, %b&(,%‘:')\z +co&.7\'i"k-
N % 2> e {2.32)
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he functions CKa(q) given by

Ly
O(G}m

m

p oY

AT : (2.13)
o 1o
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satisfy, due to the symmetricity of the coefficients Af 3
7

¢ [
the relation :

O(&(-m - O (1) .

(2.14)

which we used in (2.9) and (2.12). \

If the energy © is different from tha energy of two

Pree boson waves

6 =LA =h TSE tc«b—% R

Aro
we can divide (2.12) with E-& and look for the solutions f
corresponding to E > 0, except E =¢, . By definition, these i
solutions, if any exist, correspond to the bound states of :
two bosons., In the further treatment we shall confine
ocurselves to the one-dimensional case. F

The transitions from the summs to integrals gives !

t
the equation

\ : ‘
q (‘L}'s:. Q?\Q‘OE& CJ‘(Q,\); *%H 2‘500‘::;{ &Qq'\) {2.15) |
P e

|
where
iy

cu‘:,(i" y Q)= -_%‘-%O\ (2,‘3012' | |

0

C (KR =-—%D( (i\%bi dg!

h__ﬂm-*& (2.16) :

\ LIS

The equation (2.15) has the nontrivial solutions if the de-

terminant D
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is equal to zero. This condition gives the bound state’s

= rf‘ (QS‘— T«“>/h=(§->- [*")KQ - ('~ r"%x (2.17)

This equation (of the third order in %)) is identical with
the equation (19.2.4) from /4/ defining the bound state s
enexgy of é&o magnons. Thus, there is no difference between
the bound state”s energies of two bosons and two magnons. It
s easy to verify that this conclusion holds also in the
three~-dimensional case,
If we solve (2.15) under the condition D = 0, we

get for the ccoczfficients A

£.q
vQ,'R(-\-\rf(T
B o = Le, q&z) , (2.18)
3,9,
In the nearest - neighbour approximation it follows from
(2.18) _ ) s va
Py A C.(&)
Wit
=179 2.19
A W E C.(Q) (2.19)




2y suostitution of (2,1%) into (2.6) and after the normali-

zation we find that the bound state ’s wave function is:

12> -t

y o~
\ b b *
® NE Lo, Kn-a(’} h‘& e

(2.20)
a ‘ 'E\<3ﬁ>
S ety r s

whore

1

-\

5 a) — -Q (2.2)

Yo L +}4"‘U«‘.’:-\3 '
R

2 pointeq ouvt that

for S = 1/2 the wave function

rave function (2.36) from /1/.

3. 7Fhe ¥Wave Function of the _Bound State of two Magnons

The wave functicn of the twomagnon state has in the
case of apin § =

1/2 the following form:

)

(3.1}
g it is well known this function is by the rule normalized
a<21 2>, = (3.2)

In the ono-dinensional case we g

et the following integral
equation (sze /4/):




f = = @ (3.9

defining the functioas 7§GL(1) which figure in the plane-

~wava expansion of the coeffilcicents ng

Dy, =~ 2L ‘g ?,)Q. (3.4)

The function C{9) is given by

C(O) = .}‘:.T QAQQ T\ — mbz‘) KQ'&?">A'% (3.5)

W@ cnerai of the bound states are daetermined with
condition

\ - o0
\ —'%\\‘\:\}[“ o )tqb Meomg - (3.6)

wialch reduces to the equation (2.17) confirming the identity
of the bowund state’s encrglies of two bosons and two magnons,
Replacing the cczfficients % Q(q) from (3.4) to

(3.2) we got in tha rtarest-neichbour approximation

. 52 OF
Pre = 28 —%-— 2., EE} ; C;i(Jsz)
Q,

(£ %)
Bep,y = 28 2T, 0 E—CJQG?;) (3.7)
BRe) I

introduecing (3,7) into (3.1) and normalizing according to




\3.2) wve chtain the bound sta’~ wave function of two magnons

in the ?”'H"‘W PI‘Q;

2> = e f { §Og +
S N\fZ curu»&t”-‘)l"

tSS - -—LCQ -
P8 e G ae e, 1}

By the conparalson of (2.8) and (2.20) we see that the bound

(3.8)

state wave functions ol two magnons and two boscons are dif-
forent, We have to notice that Dyson”s representation of the

3 spayshors \:-)\,- b . - +
e =Vas (4 - "af§;>\°¥ A e

x (3.9)

‘
gives the wave function of the bound states in the following

RE
S o+

.
&[e“—%\** 1 4+ & ] |o>
j/uﬁﬁu}h.: with (3.8}, Toxr 2 = 1/2 (3.10) reduces to (3.20)
frxom fif. Concexning the fozmula (3.8), it reduces also to
(3.20) f£xom /1/, but thexre is an open question whether the
term ug;%ld) has o ba retuined or rejected. As we knowd For
S = 1/2 ilg}z = 0 and thet {5 the reason to reject this term.
On the othar hand LL wo Loy'a the considesration with (S;)2=0
tha eqgualion defining the bound states could not be formed

o Je W e Lozosd in ovdan Lo obtain this equation, to as-
sume thak ) ) 7 0. Taz:zrore one is not able to say
anything d_~~“L;L¢J aboul the bound state wave function of

two nIgnons.




Concluding this sectiinn we shall give the rasults
;0 e 1 v Y g o %
which can be cbtainsd if we treat the bound states of two

megnons in terms of the exact boson representation 2.9, with

the wave fuzaction

?ﬂ e g Qg_;""" t *:m
| %3?— g (A=) Rz o>

(3.11)

The analysis carried out with (3.11) gives ha same

valua foxr the bound staze env:ino

7 {zee (2.17)) and the wave

Lem ol anvn. el Dt 2 o 2 P A - A b . -
fuaction whida 48, in the onodirensicnal cese, of the form

A o D
AT we see the wave funciticn (3.12) is diferent £ronm
]

(3.8) and (Z.26). Only for 5 = 1/2 it reduces, as (2.20), to

4. Ceaelusion
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Ag 1T was pointzd out 4n the Introduction the hasic
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difference batwaen the nagnon and boson twoparticle procosses
in the Ierxrrcmagaast, The magaon and the beoson vacuum as tha
oneparticle statzz are ;/amnﬁtaal. In the preceeding two
sactions it iz shown that in tihe problem of the ?ound states
(which i3, let it be mentlional Cace rnovfe, exactly solubla)
this differencs refiects on *he hound state”s wave function
of two magnons and two boscnsg,

211 evaluations which will be presented in this
peper, ars carvied out for th~ onedimznsional crystal lattice,
baecause 1t is impossible to et 2uy rzsult in the csse of the
threadimansicnal lattice withont computer., In this sence and
on thic IZeval our eonsiderations are conly of the academical
Importancsz, Houasver, wa conslier as esential to reselve the
aquegstion: what i3 the physicsl reality in the ferromagnet;
the maqnons or Lesons, and %0 krzge the direction of the
further invastigations in oxdzsr fo get the'answer. The wava

functicnzs of two hosons ani two magnons are differsnt so it

fde
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e
oy
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S
o
l F'
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differonce will play the important role
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ical prooasses, &2 in /1l/ we shall confine oursel-
ves to the prorags of tha tvanzition from the bound to the
res eitates influenced by the external radiofrequent magnetie
field, The trensitions probabliitles ovidantly diffzrent dua

to the waive functionn, will o evalusted in both plctures,

Ve shall calzilate the probahilities

b N ,
o <Q>/Ll Hﬁ‘:\a>%\ (4.1)
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Wy~ | Latheran 1©

(4.2)

N ~1 =)
Hop = —}‘40 2. © ot [_ﬁj_ ;Co)gg " (4.4)

A 0 S €3 L E
| & S \'\-‘q_ (w) b{; w4 Q‘\;}_ () D_$
| where (O are the energies (tie ficld frequencies) and héi)(kﬂ,

héz)(a» the field components in an energy representation.

To calculate Wy we have to use the formula (2.3).
The details of the evaluation are iﬂdentical to those presen-
ted in /1/. Here as in /1/, we assume that h(_)(aﬂ dePeMds
weakly on @, so0 we B3y considar it as a constant. We obta-

ined for the transitien probabilities the expressions:

- W %
W= RoRE| o|* (o LAz Ze* ARCRR) ]
o A & ) P en k)
an"‘z

(4.5)
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Since thase probalLlllities may be evaluated numerical-
ly, when 1t would be possible to measure them, we could deci-
de, by the comparaison of the theory and experiment, which
is the corzect onz, This would give also the answar on the
question wiat i1s the physical reality in the ferromagnet: the
spin or the boson fields.

Thara is no doubhi that the corresponding result for
the threzdimznsional lattice could be subjected to the expe-
rimental vavification., The procedure, presented here, can be
simply epolied to the thiee~dinansional lattice; unfortunately

© 13 not pocible to give the final results in the closed
arnialitical Lorm but it is nzeonssary to tabulate them with
help cf the computsr.

Thz niatio wb/ws har bdean found in the case of the
spin 8 = 1/2 in /1/ (it was azsumed that S;S;‘O> # 0 e.g.
that the spih wave functions is 1ﬁdanti;a1 to the wave funct~
lon in Dyson-~izljeefy’s representation). Here we shall give
the valuss of this ratio for & = 1,%, 2 and as a limit when

S¥»00, The rezult ara given i the tabelat

V.,
—_— 145 195 90 68 54
W,
\
In this work 1L is cheson one of the possible proces-

ses in theo farromagnet a2z a test for the question we acked.




Evidéntly, this is not a only one; prehably there are the
other processes in which this difference could be greater
and more remarkable what would glve us the better chancas
for the experimantal verification. This problem will be ths

subject of our futher investigations.
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Phys. Stat. soi 28, 535 (1268)

/4/ A JI.khieczer, V.G.Darjahtar and S.V.Peletmineky;
"The Spin Vowes", Moscow 1967 p, 185 (in Russian)




SUMMARY

In tnis paper the two-hoson and two-magnon processes
in the leisenberqg ferrcnaognet with the arbitrary value of spin
are considered. It 12 found that for the same energies the bo-
und ztate s wave functionz of two magnons and two bosons are
difforent:. On the basis of this there is given the criterium
which could give the ansver what really exists in the ferroma-

gnet: the boson or the magnon excitations.
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Glava treéa

Matematicki aspekti egzaktne bozonske reprezentacije spinskih

operatora

U prve €ve glave ove teze detaljno su analizirane dinamicke
karakteristike Heisenberg-ovog feromagneta sa spinom S= % 3
procesi u feromagnetu ukljudujuéi Bose kondenzaciju, zatim ve-
zana stanja i procesi u kojima vezana stanja udestvuju. Zajed-
nicko za ove analize jeste koriséenje egzaktne bozonske rep-

rezentacije spinskih operatora, a osnovna intencija Je bila

da se uocCe vrline /i mane/ koje novi formmlizam sobom nosi.

Pri tom je narodita paZnja bila upravljena na fizidku stranu
problema. Prirodno Je, stoga, da, se, posle uspesSnih rezultata
novog bozonskog formalizma u feromagnetizumulO)’ gl neli-

8), 11)4 i drugim oblastima, posvetimo nekim

nearnoj optiei
Cisto matematidkim aspektima egzaktne bozonske reprezentacije

spinskih operatora.

+
Kao Stc je poznato Pauli operatori P¢i ngkoji kreiraju od-
nosno anihiliraju elementarne ekscitacije u kristalu zadovolja-
vaju sledeée komutacione relacije:
+ -~ s >
Y:%;LFDRQ FDN‘E%%; (\ < $3kw' ML " v
4" “\+ * + —_— ! - .
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Komutacione relacije /3.1/ nisu invarijantne pri prelazu

iz prostora direktne u prostor reeiprodne recfetke a pored
toga Pauli operatori nemaju definisanu statistiku Sto pos-
tavlja izuzetne matematidke proﬁleme u cilju igbegavanja gre-
~-Saka U Tradu sa ovim operatorima. Zbog toga je uobicagjen
prelazak na operatore Bose ili Fermi tipa koji se tran-~
sformiSu kanonidki a imaju odredenu statistiku,0 predrostima
i nedostacima bozonskih reprezentacija poznatih u litera-
turi bilo je reci u prvoj glavi te demo se ovde pozabaviti

egzaktnim bozonskonm reprezentacijom spinskih operatora.

Egzaktnu bozonsku reprezentaciju Pauli operatori razvili su
Agronavié i Toéié8 baveéi se problemima nelinearne optike,
posSav8i od zahteva da razvoj za Pauli operatore po Bose ope-

ratorima zadovoljava komutacione relacije /3.1/. Ona glasi:

e

— A =N :
\-—/l = Q—K‘l \z \ . Q: £ 2 + £y ¥
§ é-:o\\fﬁ-\\‘(b 5‘{ j £ bf E o P )‘Q J E?C

: - S s s/ D8]

Ell \rf‘ r Arz £y

‘.
A Yt Vi W
gde je: /-\., = z; ~—— E—)*> '\7\')._‘5 /3.3
L i Vv QQ'“\‘) F r

~
Kako se \ A, pejavljuje u Pauli Hamiltonianima teorije mag-
A

s | = i ” ; >
netizra i nelinearno optike prirodno se nameée pitanje hermitici-

teta ovih Hamiltonijana prepisanih u egzaktnoj bozonskoj slici.
Ovaj problem reSen je u radu24) koji je priloZen u ovoj glavi

-~

na sledeéi nacdin: Dokazano Je da je Az pozitivno Semi - de-




-Gl =
Vi
finiten operator u celom prostoru bozonskih s‘:ﬂiﬁi"v\f) \{___‘\\bz\;
na taj nac¢in Sto je pokazano da su svojstvene T o O =5
operatora X: nenegativni brojevi. Ovo je rak doveljno G

W , A
da Hamiltonijani“kojima figurisSe \l A budu hermitski.
)

svojstveni prcblem A'&\ glasis:

A_’ \’Y‘\,E> = QO \"f"b—‘r~7 /3.4/

8
v
ﬂ+ o o - - r . Vo *
Operator&b >\*~) moze se napisati na sledeci nacin:
bl
5

FRE L oW - B g A
S f) \?5?) =N.:(\\Lf- D ERE '(N:;"V“} /3.5/

gde Nz = B} B.;; predstavlja operator populacije koji de-
lujuéi na \m?> daje multiplikator n_.g . Na taj nac¢in imemo:

B( M"

(w 5
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— LT _
(b-ﬂ) E)a\ V‘-'->—’ v—cm\'\f\-‘ (W '> ’(‘V\_g"— \z’A\)\'\,‘}‘?

— _::J_i‘ _(_ ‘>“f\$*l]'\n*+ \f\w_,>

& /3»6/
5 s . ;2 ..+\
tj. svojstvene vrednosti od A a, =% [ - (=" 1
—:
! \
su jedrake nuli za neparno n- 1~ za parno n .
Wl
¢
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Na osnovu ovog moze se dokazatl, da su svojstvene vrednosti
Q ) V4 V4 ' -
operatora ’? e \(\?_—-_J ) V:/.__ s ¥0ji takode figuriSe u pome-
\ Vo T

nutim Hamlltonlaanlma, nula ili jedan, jer:

o VA \ -+ e B
z; ) G Y s B
Vo S A A ¥ ok i &
= NN
=2 —1) Ty
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i
zbog f‘_‘)a\\))—;\‘) sledi
I
FTur, o 7 Va
o, (23.) B \0P=0. Mo
V=¥~ 1} 3 ? * /3.8/

Na taj je pokazano da svojstvena vrednost(%—), Zz komponente

spina /3.2b/ 8% odgovara bozonskim stanjima sa parnim beo-

¥
jem bozona a %—\ stanjima sa neparnim brojem bozor .

t

Matematicdkim Jezikom, spektar S Je u  egzaktnoj bozonskoj

44 ™

slici degenerisan,
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Proof of Hermiticity of the Pauli Hamiltonian in Exact Bose Representation
By
B.S. TOS1¢ (a) and J. B. VUJAKLIJA (b)

In the quantum theory of magnetism, nonlinear optics, and ferroelectricity the

exact Bose representation (1) of the Pauli operators is often used. In private com-
munications, the authors of the paper (1) were often askecll( t};(e question on the pos-

k

-2

(lf+ 1))'13+ B and consequently
k=0 '

on the hermiticity of {T which figures in the Pauli Hamiltonians of the mentioned

itive semi-definitness of the operator A=

theories, written in the exact Bose representation, For the reason of the rigorous
mathematleal foundation of the theory it i§ necessary to answer this question. In
this short note we shall prove that A is a positive semi-definite operator.

It is enough to prove that the eigenvalues of A are positive numbers or zero in

whole space of boson states. The eigenvalue problem of A can be written as follows:
A o> =a_[n), m

where |n) denotes the state with n bosons at vne lattice point. We have to dem-
onstrate that anb. 0.

The proof can be given directly or by the use of the method of mathematical in-
duction. Here we shall solve the eigenvalue problgm (1). Operator B+kBk may be

written in the form
. +k k A A A
B B =N(N-1)....(N—k+1), (2)
where N = B+B is the population operator which gives the multiplicator n acting on

the state |n) . So we have

-2 i N )
RZ(_k(+—1))_'B+ B ,n> =fv_ (k*z-l)v N(N-l)...(N-k.,.l)ln)
=0 . o i
- k
(-2) ' |
=§)(k+1)ln(n-1)-.. (n-‘k+1)_:+:|n)
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n+1
m-1
-2
= ‘—'L—(no-l)n...[(n-ﬁl)-mo-l]m
m! n+
m=1
n+1
I (n+1) m n+l-m |n)
T2 m ot n+1 @)
m=1
n+l
1
='§§ (n+1)(2)m1n+1 m_ [0
-0 m n+1

]

1
[\ L
e, 1

U

0o

+

—

~
(=

|

—
| S——
l:’:

n+1

-1 -1
e.g. the eigenvalues an =2 [1 -(-1) ] (n+ 1) are equal to zero for an odd n

and (n+ lfl for an even n.
In the paper (1), it is quoted also w1thout rigorous proof that the only eigen-

values of the operator Z (éTf-)—‘ B B 4 which figures in the Hamiltonians

mentioned above, are zero  and one. On the basis of the above proof we have

k+1 k+1

Z k+1)| B |n>

B+3Bln>

WB*K In-1>

(4)
=wifi-"] = n-1)
- %[1 -(-.1)“] [nP:n=1,2,3,...;
Due to B [0) = 0 it follows for n = 0
o Kk k+1 k+1
§%1B+ B Jo)=o. )
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ZAKL JUGCAK

U predloZenoj disertaciji testirana je na problenmims kvantne
teorije magnetizma, po mom miSljenju uspesSno, egzaktna bozon-

ska reprezentacija spinskih operatora.

Regultati koji su izloZeni u tezi pokazuju da novi prilaz
pored metodoloskih prednosti dovodi do drugacdije fizicke pred-
stave o elementarnim ekscitacijama u fero magnetu.Naime,u
prvoj glavi je pokazano da su elementarne ekscitacije dobro
opisane pomcéu bozona koji nmedutim imaju populacioni broj

koji se razlikuje od standardnog oblika.

U ovoj je glavi takode formulisana niskotemperaturna
teorija Bose kondenzacije u idealnom feromagnetu sa spinom
S=1/2.

U drugoj glavi trasiran je pravac buduéeg eksperimentalnog
i teorijskog istrazivanja prirode elementarnih ekscitacija u
fero magnetu.

Trecéa glava inicira stroZije matematicko formulisanje
egzaktne bozcnske reprezentacije spinskih operatora.

Definitivan sud o vrednosti rezultata i metode dace
medutim i poréd nesumnjivih pozitivnih indikacija eksperimen-

talna i teorijska istraZivnja koja su u toku.
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